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Review Probabilitas dan Statistik Telkom

Gaussian/Normal
« Normal Distribution: Completely characterized by mean (un) and variance (c2)

Pn(Y)

0.8¢

Py (y)= —F—exp Y-
NL Lo'a\/27zL' | 20‘2_

0.7 N,(n=0,0,) -

R 4

r r r =
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Gaussian: Rapidly Dropping Tail Probability!

area = 0.1587 =~ 16- — P
Ply) 1
area = 0.0228 =~ = —n R
n — 3o n — 20 n—o n n +o n + 20 n + 3o

FIGURE 2.12. Tail areas of the normal distribution.
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Review Probabilitas dan Statistik University
Pn(Y)
Gaussian/Normal 1
« Normal Distribution: Completely characterized by- -
mean (u=0) and variance (c?=1)
« Q-function: one-sided tail of normal pdf
Q(=) £ p(y>z)= fz g%ﬁ_yzﬁd;u- o
« erfc(): two-sided tall. 03
- So: .l
Q(=z) = 1E-rf-;: <i> | ‘ ~ '
) — 5 «Vf"j . -3 -2 2 c S
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Standardize the Normal Distribution University
X —
- —
Normal @) Standardized Normal Distribution
Distribution
o] =1

™ “Re0 2

One table!
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Example P(X > 8) v Telkom

N | _ _ Standardized N | Distributi
D;)Sl’trrTi]SUtion Z _ X ” _ 8 5 _ -30 andardilze orma ISTripution
o 10
=10 c=1
5000
1179
n=5 8 X n=0 .30 Z

Shaded area exaggerated

PERTANYAAN ! Luas daerah yang diarsir = 0.3821 = Q(??); ?? =0.3
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The table gives the cumulative probability
up teo the standardised normal value z

l.e. z
_1 exp(-%22) dZ
27

Q-function: SRERRIE:
Tail of Normal LA,
DiStI‘i bUtiOn 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

P[ 2 <z ]

=]

0.5000 0.5040 0.5080 ©0.5120 0.5159 0.5199 0.523%9 0.5279 0.5319 0.5359
0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6344 0.6879

.
= il B D

*

*

0.6915 0.6950 0.6985 0.701% 0.7054 0.7088 0.7123 0.7157 0.71%0 0.7224
0.7257 0.7291  0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7854
0.7881 0.7910 0.793% 0.7%%7 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.8159 0.8186 0.8212 0.8238 0.8264 ©0.8289 0.8315 0.8340 0.8365 0.8389

0.8413 0.8438 0.83461 0.8485 0.8508 0.8531 0.8554 0.8577 0.859% 0.8621
0.8643 0.8665 0.8686 0.2708 0.8729 0.8749 0.8770 0.8790 0.8804 0.8830
0.8849 0.8369 0.8888 0.8%07 0.8925 0.8944 0.8962 0.8%980 0.8997 0.9015
0.9032 0.9049% 0.9066 0.9082 0.9099% 0.9115 0.9131 0.9147 0.9162 0.9177
0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

HRRRE COCOOC OO0O0OO0OO
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0.9332  0.9345 0.9357 0.9370 0.9382 0.9394 0.9406  0.9418 0.942% 0.944]1
0.9452 0.9463 0.9474 0.9484 0.94%5 0.9505 0.9515 0.952% 0.9535 0.9545
0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
0.9641 0.964% 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.969% 0.9706
0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

O T T T
LN

0.9773 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
0.9821 0.%9826 0.9830 0.9%834 0.9838 0.9842 0.9846 0.9850 0.9854  0.9857
0.9861 0.9865 0.98B68 0.9871 0.9874 0.9878 0.9881 0.98584 0.9887 0.9890
0.9893 0.9896 0.9898 0.99201 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
0.9912 0.99%920 0.9922 0.9924 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
0.9953 0.9955 0.9956 0.9957 0.9959 0.9%60 0.9961 0.9962 0.9963 0.9964
0.9965 0.9%66 0.9967 0.9968 0.99%6% 0.9970 0.9971 0.9972 0.9973 0.9974
0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9980 0.9980 (0.9981
0.9981 0.9%82 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

&
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3.00 3.10 3.20 3.30 3.40 3.50 3.60 3.70 3.80 3.90
0.9986 0.9990 0.9993 0.9995 0.9997 0.9998 0.9998 (0.9999 0.999%  1.0000

L= ]




Tabel
Q-function

TABLE B.1 Complementary Error Function Q(x) = f 1/ \/2_1r) exp (— u?/2) du

QO(x)

X 0.00 0.01 0.02 0.03 0.04 G.05 0.06 0.07 0.08 0.09
0.0 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 0.4761 0.4721 0.4681 0.4641
0.1 0.4602 0.4562 0.4522 0.4483 0.4443 0.4404 0.4364 0.4325 0.4286 0.4247
0.2 0.4207 0.4168 0.4129 0.4090 0.4052 0.4013 0.3974 0.393¢ 0.3897 0.3859
0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.3483
0.4 0.3446 0.3409 0.3372 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 03121
0.5 0.3085 0.3050 0.3015 0.2981 0.2946 0.2912 0.2877 0.2843 0.2810 0.2776
0.6 0.2743 0.2709 0.2676 0.2643 0.2611 0.2578 0.2546 0.2514 0.2483 0.2451
0.7 0.2420 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2168 0.2148
0.8 0.2169 0.2090 0.2061 0.2033 0.2005 0.1977 0.1949 0.1922 0.1894 0.1867
0.9 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.1611
1.0 G.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0. 144¢€ 0.1423 0.1401 0.1379
} B 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.1230 0.1210 0.1190 0.1176
d2 0.1151 0.1131 L0 g I o 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003 0.0985
153 0.0968 0.0251 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 (.0838 0.0823
1.4 0.0808 0.0793 0.G778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681
=S 0.0668 0.065; 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559
1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
| {574 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367
1.8 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294
1.9 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233
2.0 0.0228 0.0222 - 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183
2.1 0.0179 0.0174 0.0170- 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143
22 0.0129 0.0136 0.0132 0.0129 0.0125 0.0122 0.0110 0.6116 G.0113 0.0110
2.3 0.0107 0.0104 -0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
2.4 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
2.5 .0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048
2.6 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036
2.7 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026
2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019
2.9 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 €.0014
3.0 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011 0.0010 0.0010
31 0.0010 0.0009 0.0009 0.0009 0.CO0R 0.0008 0.0008 ¢.0008 0.0007 0.0007
3C2 0.0007 0.00G7 0.0006 0.0006 0.0005 0.0006 0.0006 0.000>5 0.0005 0.0005
3.3 0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003
3.4 0.0003 0.0003 0.0003 0.0003 0.0003  0.0003 0.0003 0.0003 0.0002 0.0002
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Baseband Digital Transmission Link University
Gausian Noise REGENATOR / Decicion Circuit
| n(t) ! r - - T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T :
! ' Vi@ | |

Threshold
Comparator

SERIAL d(t) 'y(t)

DATA PORT | | LPF

BAND Limiter

-

| - > -

BASE BAND lTX CHANNEL BASE - BAND Rx-ER

Tx-ER
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Sinyal Terima + AWGN

I
0.5
. R o o e } —4 : —1 3 } ; b § mse
0r|g|na| message = 10 0 30 40 50 60 70 20 a0 100
| ‘

d(t) T

v

received wave /’W W

y(t)=d(®)+n(t) P R T A R S AR AEREr AARar NSRS

volts
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v (volt)

>

n(t} =2 gaussian n7'se dengan zero-mean

M\\/ /\/WVA P.dt

. AM\//\}{, . d> °

7 / P (V)
\4 \4

o, (V)= — L exp| -
h o\ 27T 20°°

o = standar deviasi = tegangan effektive noise
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igital
31

D

Gangguan Noise Terhadap Sinyal
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P (V| Ho) Determining Decision Threshold

/_\ py(IH ) H,:a,=0,Y =—A+n

Py (Y/Hy)=py(Y+ A)
H :a =1Y =A+n

>

A
Choose Ho (a,=0) if Y<V

p.,.=P( <V |H) = .[L, p, (y | H,)dy Choose H1 (a,=1) if Y>V

P, =P >V [H)=[ p (ylH,)dy

Average error error probability: P=PP,+PP, Transmitted ‘0’
P=P=1/2=P =%(P,+P.) but detected as ‘1’

-A V =Theshold A
The comparator implements decision rule:

1 y?
Ch | noise i1s G ' ith the pdf: = exp| —
annel noise is Gaussian wi ep P (Y) oy pl: 562 :|
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Error rate and Q-function -E?alvl.fgiﬂ

f)__‘- ()"I Hﬂ)
P )

F)():F)l:1/2:>|:)e:y2(l:)eo+l:)el)

V threshold =0

P., = I P, (y)dy
- - 1 r _ (y+ A)~
pe - peO - o 272' V£O eXpI: 20_2 :|dy

This can be expressed by using the Q-function

. -1
Q=) = ple = 2) = / Q_G_yzfgrly.

P, = P.(y)dy =P = Q(?) = Q( : J

ul 10 - Siskom | - Probabilitas Error
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Baseband Binary Error Rate -EEII\Ilgglﬂ

in Terms of Pulse Shape and S/N

setting V=0 yields then A A2 S 2E
N f— rmm— — S o > NI - :
pe _ % ( peO + pel) _ peO o pe:'- — pe PR Q(O’) Q( 0-2 J Q( N J Q( NO J

for polar, rectangular NRZ [-A A] bits

Probability of occurrence

Signal power: S _I% A2 + (_ A)
" R 1
Noise power: N =o? = n.BW =N,.—2=N,.—
N 0 0
2 2T,
Energy Bit to Noise Spectral Density Ratio
E, ST, Tb R, S.T, 1 1 S
NO_ /? "2 N 27T, 2 N
Note that BW, = 7 (BW pulse shapping filter)
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When p, = p, =1/2, the value of V that minimizes the probability of error is V = 0. University

cbime)oebin)

102 I

Probability of eror, P,

- - L L
° ° 9o o0
= - | |
\N] @) 09) o)}
|
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Classification of signals

 Deterministic and random signals

 Deterministic signal: No uncertainty with respect to
the signal value at any time.

» Random signal: Some degree of uncertainty in signal
values before it actually occurs.

 Thermal noise in electronic circuits due to the random
movement of electrons

« Reflection of radio waves from different layers of
ionosphere




Classification of signals ... U Telkom

» Periodic and (n)on-periodic signals o

...... 1 - //’\

{ N ¢

A non-periodic signal

A periodic signal

* Analog and discrete signals

x (1)

o | e
/\/‘/ \’\\//\ A discrete signal

Analog signals

10 - Siskom | - Probabilitas Err




Classification of signals .. U Telkom

« Energy and power signals

* Asignal is an energy signal if, and only if, it has nonzero but finite
energy for all tlme:T . (0 < Ep < 00)

s / 2 ., [°° 2
By = Jim_ [ e®)] dt—/_oo () |2dt

« A signal is a power signal if, and only if, it has finite but nonzero
power for all time:

(0 < Py < o0)
1 ,7/2
P, = lim — |z () |2 dt
T —oo 1" JT/2

«  General rule: Periodic and random signals are power signals. Signals that are
both deterministic and non-periodic are energy signals.

10 - Siskom | - Probabilitas Err
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Random process

« A random process is a collection of time functions, or signals,
corresponding to various outcomes of a random experiment. For each
outcome, there exists a deterministic function, which is called a sample
function or a realization.

Random
N
/'{ sz: (tk) }7,= 1 variables

X1 (t)

>Samp|e functions
or realizations

X N (t) (deterministic
Y, function)
tr. time (t)

10 - Siskom | - Probabilitas Err
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Random process ... Telkom
« Strictly stationary: If none of the statistics of the random process are
affected by a shift in the time origin.

» Wide sense stationary (WSS): If the mean and autocorrelation function
do not change with a shift in the origin time.

 Cyclostationary: If the mean and autocorrelation function are periodic in
time.

» Ergodic process: A random process is ergodic in mean and
autocorrelation, if

1 ,7T/2
myxy = |im — X (t)dt
and T—oo 'l J—-T/2
) 1 T/2 .
, respectively. Rx(r) = lim — /_T/2 X @)Xt — 7)dt
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Autocorrelation U Telkom

 Autocorrelation of an energy signal
Ri(7m) = x(rm) xx*™*(—71) = [ xz(@)x™(t — 7)dt

 Autocorrelation of a power signal
1 T/2

R,(7) = Ijl—>moo T 12 x(t)x™(t — 7)dt

« For a periodic 5|gnal To /2
R.(T) = To - %0/2 x()x*(t — 7)dt

» Autocorrelation of a random signal
Rx(t;,t;) = E[X (&) X™(¢;)]

» For a WSS process:
Rx (7)) = E[X@)X*(t — 7)]

10 - Siskom | - Probabilitas Err



Spectral density U Telkam

 Energy signals:
x = [22 lx(®)|2dt = [22, | X (fH]2df
« Energy spectral density (ESD):

W (f) = |X(NHI?

X(f) = Flz(@)]

» Power signals:
Po = 7= [7075 l2(@)]2dt = 302 |en|?

» Power spectral den5|ty (PSD):

{Cn} — f[:l:(t)]

O

Gz(f) = > l|en|?8(f —nfo)  fo=1/Tp

- Random process:
« Power spectral density (PSD): Gx(f) = FIRx ()]

10 - Siskom | - Probabilitas Err



Properties of an autocorrelation function
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University

« For real-valued (and WSS in case of random
signals):

1.

2.
3.
4,

Autocorrelation and spectral density form a Fourier
transform pair.

Autocorrelation is symmetric around zero.
Its maximum value occurs at the origin.

Its value at the origin is equal to the average power
or energy.




Noise in communication systemg Telkom

= Thermal noise is described by a zero-mean Gaussian random process,

n(t).

m Jts PSD is flat, hence, it is called white noise.

p(n) = —J5—exp [‘2”722]

0.4

0.3}

0.2

0.1t

% >

Probability density function

Power spectral
density

)

Autocorrelation
function

Gn(f) = B0 wha

S
Rn (1) = 208(1)
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Signal transmission L8 Telkom
through linear systems

et (D () IO,

X () H(f) Y ()

Linear system

- Deterministic signals: Y (f) = XUHH)
« Random signals: Gy (f) = G (FIH ()|

 Ideal distortionless transmission:

All the frequency components of the signal not only arrive with an identical time
delay, but also are amplified or attenuated equally.

y(t) = Ka(t —tg) or H(f) = KeJ27Jto

10 - Siskom | - Probabilitas Err
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Signal transmission ... - cont'd University

 Ideal filters: h(t)

| H (f)| f |
4 Non-causal!
Low-pass : -

>f @] \/ ‘ \/ t g
Band-pass |HSf) | High-pass IHSf) |
> f S
* Realizable filters:
RC filters Butterworth filter
— 1 _ 1

10 - Siskom | - Probabilitas Err
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Bandwidth of signal
« Baseband versus bandpass:

x(t) - » xe(t) = xx(t) cos(2n fet)

Baseband Bandpass

|XS(Ifn)a|I COS(2’7TfCt) signal

Local oscillator | Xc(]
Z \ R Z I \ y4 I \ >

|O—| o :» — fc O Je -/
Wsss | WpsnB :

« Bandwidth dilemma:
 Bandlimited signals are not realizable!
 Realizable signals have infinite bandwidth!

10 - Siskom | - Probabilitas Err
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BandWIdth Of Slgnal - Cont d University
« Different definition of bandwidth:

a) Half-power bandwidth d) Fractional power containment bandwidth
b) Noise equivalent bandwidth e) Bounded power spectral density
c)  Null-to-null bandwidth f)  Absolute bandwidth

j;c f

<« (@) —

<« (b) —
(c) —

(d) ——

< (e)50dB >
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End of Module 10




