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Tensors





Example



Example



Tensor slicing



In order to crop the images to patches of 14 × 14 pixels centered in the middle, you 
do this:



Data batches

Deep-learning models don’t process an entire dataset at once; rather, they 

break the data into small batches. Concretely, here’s one batch of our 

MNIST digits, with batch size of 128:



Real-world examples of data tensors





Tensor operations



tensor operations: Broadcasting



Tensor operations: Broadcasting

BroadcastingBroadcasting



Tensor operations: Dot



Tensor operations: Dot



Tensor operations: Dot



Tensor operations: Reshaping



Training Loop



Training Loop

mini-batch SGD  vs  true SGD  vs  batch SGD



SGD with momentum



SGD with momentum



SGD with momentum



Backpropagation



LeNet-5 [Lecun98]

• Lecun, et al. use the gradient-based learning method on MNIST dataset.

1.Forward propagation

2.backward propagation



Why Deep Learning?
The Unreasonable Effectiveness of Deep Features-Caffe descripts.

Classes separate in the deep representations and transfer to many tasks.
[DeCAF] [Zeiler-Fergus]



Basic Layer in LeNet-5

• The input of forward propagation
• An image

• Pre-defined label

• The output of forward propagation
• Loss error, square error, error rate, probability of each classes

• The input of backward propagation
• Loss error

• Training methods
• Gradient-based, dynamic programming

CNNimage error

CNN error
update



Basic Layer in LeNet-5

• Forward propagation for basic layer
• Convolutional layer

• Pooling

• ReLU

• Fully connected layer

• Softmax



The convolutional layer
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Pooling Layer
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ReLU (Rectified Linear Units)
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Fully Connected Layer

4

3

5

0

.

.

.

𝑤1

𝑤2

…..........
(hidden layers)

y1

y2

y3



How Many Trainable Parameters in LeNet-5

C1: 6|𝑘𝑒𝑟𝑛𝑒𝑙𝑠 × 5 × 5 + 1 |𝑠𝑖𝑧𝑒 = 156 parameters

S2: 6|𝑓.𝑚𝑎𝑝𝑠 × 1|𝑤𝑒𝑖𝑔ℎ𝑡 + 1|𝑏𝑖𝑎𝑠 = 12 parameters

C3: 16|𝑓.𝑚𝑎𝑝𝑠 × (6 × 5 × 5 + 1|𝑏𝑖𝑎𝑠) = 2416 parameters

S4: 16|𝑓.𝑚𝑎𝑝𝑠 × (1|𝑤𝑒𝑖𝑔ℎ𝑡 + 1|𝑏𝑖𝑎𝑠) = 32 parameters



F6: 120|𝑛𝑒𝑢𝑟𝑜𝑛𝑠 × 85|𝑛𝑒𝑢𝑟𝑜𝑛𝑠 = 10200

C5: 16|𝑓.𝑚𝑎𝑝𝑠 × 5 × 5 |𝑠𝑖𝑧𝑒 + 1|𝑏𝑖𝑎𝑠 ∗ 120|𝑛𝑒𝑢𝑟𝑜𝑛𝑠 = 48120

How Many Trainable Parameters in LeNet-5

OUT: 84|𝑛𝑒𝑢𝑟𝑜𝑛𝑠 × 11|𝑛𝑒𝑢𝑟𝑜𝑛𝑠 = 924

There are about 61,860 trainable parameters



Gradient-Based Training

• We want to find parameters 𝑊 to minimize an error
𝐸(𝑓 𝑋,𝑊 , 𝑍)

• For this, we will do iterative gradient descent

𝑊 𝑡 = 𝑊 𝑡 − 1 − 𝜂
𝜕𝐸

𝜕𝑊
(𝑡)

𝑋: input image
𝑊: weights
𝑍: pre-defined labels



Basic Layer in LeNet-5

• Back-propagation for basic layer
• Fully connected layer

• ReLU

• Pooling

• Convolutional layer
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• Forward pass-hidden layer

𝑛𝑒𝑡ℎ1 = 𝑤1𝑥1 + 𝑤2𝑥2 + 𝑏1
= .15 ∗ .4 + .20 ∗ .3 + .35 = 1.55

• Using the activation function and we got the output of hidden layer

𝑜𝑢𝑡ℎ1 =
1

1+𝑒−𝑛𝑒𝑡ℎ1
=

1

1+𝑒−1.55
= .8249

𝑜𝑢𝑡ℎ2 = .6318, 𝑜𝑢𝑡ℎ3 = .5987
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1

𝑏2=.20
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𝑛𝑒𝑡𝑜1 = 𝑤7𝑜𝑢𝑡ℎ1 + 𝑤9𝑜𝑢𝑡ℎ2 +𝑤11𝑜𝑢𝑡ℎ3 + 𝑏2
= .40 ∗ .8249 + .55 ∗ .6318 + .35 ∗ .5987 + .2 = 1.0870

• Using the activation function and we got the output of hidden layer

𝑜𝑢𝑡𝑜1 =
1

1+𝑒−𝑛𝑒𝑡𝑜1
=

1

1+𝑒−1.0870
= .7478

𝑜𝑢𝑡𝑜2 = .7524

• And we got square error 𝐸𝑡𝑜𝑡𝑎𝑙 = σ
1

2
(𝑡𝑎𝑟𝑔𝑒𝑡 − 𝑜𝑢𝑡𝑝𝑢𝑡)2

𝐸𝑡𝑜𝑡𝑎𝑙 =
1

2
(.01 − .7478)2+

1

2
(.99 − .7524)2= .3004



• The goal with back-propagation is to update each of the weights in
the network so that they cause the actual output to be closer the
target output.

The Backwards Pass
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The Backwards Pass

• Consider 𝑤7. We want to know how much a change in 𝑤7, affects the 

total error,
𝜕𝐸𝑡𝑜𝑡𝑎𝑙

𝜕𝑤7
.

• The gradient with respect to 𝑤7 by applying the chain rule, we know
that

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡𝑜1

∗
𝜕𝑜𝑢𝑡𝑜1
𝜕𝑛𝑒𝑡𝑜1

∗
𝜕𝑛𝑒𝑡𝑜1
𝜕𝑤7

𝑜𝑢𝑡𝑜1𝑛𝑒𝑡𝑜1

𝑤7

𝑤9

𝑤11

𝑜𝑢𝑡ℎ1

𝑜𝑢𝑡ℎ3

𝑜𝑢𝑡ℎ2 𝐸𝑜1 =
1

2
(𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1)

2

𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑜1 + 𝐸𝑜2



The Backwards Pass

𝐸𝑡𝑜𝑡𝑎𝑙 =
1

2
(𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1)

2+
1

2
(𝑡𝑎𝑟𝑔𝑒𝑡𝑜2 − 𝑜𝑢𝑡𝑜2)

2

𝜕𝐸𝑡𝑜𝑡𝑎𝑙

𝜕𝑜𝑢𝑡𝑜1
= 2 ∗

1

2
𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1 ∗ −1 + 0

𝜕𝐸𝑡𝑜𝑡𝑎𝑙

𝜕𝑜𝑢𝑡𝑜1
= − 𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1 = − .01 − .7478 = .7378

𝑜𝑢𝑡𝑜1𝑛𝑒𝑡𝑜1

𝑤7

𝑤9

𝑤11

𝑜𝑢𝑡ℎ1

𝑜𝑢𝑡ℎ3

𝑜𝑢𝑡ℎ2 𝐸𝑜1 =
1

2
(𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1)

2

𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑜1 + 𝐸𝑜2

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡𝑜1

∗
𝜕𝑜𝑢𝑡𝑜1
𝜕𝑛𝑒𝑡𝑜1

∗
𝜕𝑛𝑒𝑡𝑜1
𝜕𝑤7



The Backwards Pass

𝑜𝑢𝑡𝑜1 =
1

1 + 𝑒−𝑛𝑒𝑡𝑜1
𝜕𝑜𝑢𝑡𝑜1
𝜕𝑛𝑒𝑡𝑜1

= 𝑜𝑢𝑡𝑜1 1 − 𝑜𝑢𝑡𝑜1 = .7478 1 − .7478 = .1886

𝑜𝑢𝑡𝑜1𝑛𝑒𝑡𝑜1

𝑤7

𝑤9

𝑤11

𝑜𝑢𝑡ℎ1

𝑜𝑢𝑡ℎ3

𝑜𝑢𝑡ℎ2 𝐸𝑜1 =
1

2
(𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1)

2

𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑜1 + 𝐸𝑜2

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡𝑜1

∗
𝜕𝑜𝑢𝑡𝑜1
𝜕𝑛𝑒𝑡𝑜1

∗
𝜕𝑛𝑒𝑡𝑜1
𝜕𝑤7



The Backwards Pass

𝑛𝑒𝑡𝑜1 = 𝑤7𝑜𝑢𝑡ℎ1 + 𝑤9𝑜𝑢𝑡ℎ2 + 𝑤11𝑜𝑢𝑡ℎ3
𝜕𝑛𝑒𝑡𝑜1
𝜕𝑤7

= 𝑜𝑢𝑡ℎ1 + 0 + 0 = .8249

𝑜𝑢𝑡𝑜1𝑛𝑒𝑡𝑜1

𝑤7

𝑤9

𝑤11

𝑜𝑢𝑡ℎ1

𝑜𝑢𝑡ℎ3

𝑜𝑢𝑡ℎ2 𝐸𝑜1 =
1

2
(𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1)

2

𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑜1 + 𝐸𝑜2

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡𝑜1

∗
𝜕𝑜𝑢𝑡𝑜1
𝜕𝑛𝑒𝑡𝑜1

∗
𝜕𝑛𝑒𝑡𝑜1
𝜕𝑤7



The Backwards Pass

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡𝑜1

∗
𝜕𝑜𝑢𝑡𝑜1
𝜕𝑛𝑒𝑡𝑜1

∗
𝜕𝑛𝑒𝑡𝑜1
𝜕𝑤7

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

= .7378 ∗ .1886 ∗ .8249 = .1148

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

= − 𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1 ∗ 𝑜𝑢𝑡𝑜1 1 − 𝑜𝑢𝑡𝑜1 ∗ 𝑜𝑢𝑡ℎ1

• The above form often called delta rule



Update The Weight

• The weight 𝑤7 can be updated

𝑤7
+ = 𝑤7 − 𝜂

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤7

where 𝜂 is the learning rate.

• So the others 𝑤8, 𝑤9, 𝑤10, 𝑤11, 𝑤12
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+
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The Hidden Layer

• The weight 𝑤1 can be updated

𝑤1
+ = 𝑤1 + 𝜂

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1
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The Hidden Layer

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

=
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

+
𝜕𝐸𝑜2
𝜕𝑜𝑢𝑡ℎ1

1

𝑏2=.20

1

h1

h2
.4

.3
𝑤4

𝑤3

h3
𝑤5

𝑤1

𝑤2

𝑤6

o1

o2
𝑤10

𝑤9

𝑤11

𝑤7

𝑤8

𝑤12

𝑏1=.35

=.30

=.25

=.05

=.15

=.20

=.10

=.60

=.55

=.35

=.40

=.50

=.20

𝑧1 = .01

𝑧2 = .99

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

=
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

+
𝜕𝐸𝑜2
𝜕𝑜𝑢𝑡ℎ1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1



The Hidden Layer
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

=
𝜕𝐸𝑜1
𝜕𝑛𝑒𝑡𝑜1

𝜕𝑛𝑒𝑡𝑜1
𝜕𝑜𝑢𝑡ℎ1

𝜕𝐸𝑜1
𝜕𝑛𝑒𝑡𝑜1

=
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡𝑜1

𝜕𝑜𝑢𝑡𝑜1
𝜕𝑛𝑒𝑡𝑜1

＝. 7378 ∗ .1886 = .1391

𝑤ℎ𝑒𝑟𝑒
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡𝑜1

=
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡𝑜1

= −(𝑡𝑎𝑟𝑔𝑒𝑡𝑜1 − 𝑜𝑢𝑡𝑜1)

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

=
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

+
𝜕𝐸𝑜2
𝜕𝑜𝑢𝑡ℎ1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1



The Hidden Layer
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

=
𝜕𝐸𝑜1
𝜕𝑛𝑒𝑡𝑜1

𝜕𝑛𝑒𝑡𝑜1
𝜕𝑜𝑢𝑡ℎ1

𝑛𝑒𝑡𝑜1 = 𝑤7𝑜𝑢𝑡ℎ1 + 𝑤9𝑜𝑢𝑡ℎ2 + 𝑤11𝑜𝑢𝑡ℎ3

𝜕𝑛𝑒𝑡𝑜1
𝜕𝑜𝑢𝑡ℎ1

= 𝑤7 = .40

𝑜𝑢𝑡𝑜1𝑛𝑒𝑡𝑜1

𝑤7

𝑤9

𝑤11

𝑜𝑢𝑡ℎ1

𝑜𝑢𝑡ℎ3

𝑜𝑢𝑡ℎ2

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

=
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

+
𝜕𝐸𝑜2
𝜕𝑜𝑢𝑡ℎ1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1



The Hidden Layer
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

= .1391 ∗ .40 = .0556

𝜕𝐸𝑜2
𝜕𝑜𝑢𝑡ℎ1

= −.0443 ∗ .50 = −.0221

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

= .0556 − .0221 = .0335

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

=
𝜕𝐸𝑜1
𝜕𝑜𝑢𝑡ℎ1

+
𝜕𝐸𝑜2
𝜕𝑜𝑢𝑡ℎ1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1



The Hidden Layer

• Now we have
𝜕𝐸𝑡𝑜𝑡𝑎𝑙

𝜕𝑜𝑢𝑡ℎ1
and we need to figure out

𝜕𝑜𝑢𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
and

𝜕𝑛𝑒𝑡ℎ1

𝜕𝑤1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1

𝑜𝑢𝑡ℎ1 =
1

1 + 𝑒−𝑛𝑒𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

= 𝑜𝑢𝑡ℎ1 1 − 𝑜𝑢𝑡ℎ1 = .8249 1 − .8249 = .1444



The Hidden Layer

• Now we have
𝜕𝐸𝑡𝑜𝑡𝑎𝑙

𝜕𝑜𝑢𝑡ℎ1
and

𝜕𝑜𝑢𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
, we need to figure out

𝜕𝑛𝑒𝑡ℎ1

𝜕𝑤1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1

𝑛𝑒𝑡ℎ1 = 𝑤1 ∗ 𝑥1 +𝑤2 ∗ 𝑥2 + 𝑏1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1

= 𝑥1 = .4
h1

h2
.4

.3
𝑤4

𝑤3

h3
𝑤5

𝑤1

𝑤2

𝑤6

o1

o2
𝑤10

𝑤9

𝑤11

𝑤7

𝑤8

𝑤12

=.30

=.25

=.05

=.15

=.20

=.10

=.60

=.55

=.35

=.40

=.50

=.20



The Hidden Layer

• Finally, we have
𝜕𝐸𝑡𝑜𝑡𝑎𝑙

𝜕𝑤1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

=
𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑜𝑢𝑡ℎ1

𝜕𝑜𝑢𝑡ℎ1
𝜕𝑛𝑒𝑡ℎ1

𝜕𝑛𝑒𝑡ℎ1
𝜕𝑤1

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

= .0335 ∗ .1444 ∗ .4 = .0019



The Hidden Layer

• Thus the weight 𝑤1 can be updated

𝑤1
+ = 𝑤1 − 𝜂

𝜕𝐸𝑡𝑜𝑡𝑎𝑙
𝜕𝑤1

• Repeating this for the rest of the weights 𝑤2, 𝑤3, 𝑤4, 𝑤5, 𝑤6

1

𝑏2=.20

1

h1

h2
.4

.3
𝑤4

𝑤3

h3
𝑤5

𝑤1

𝑤2

𝑤6

o1

o2
𝑤10

𝑤9

𝑤11

𝑤7

𝑤8

𝑤12

𝑏1=.35

=.30

=.25

=.05

=.15

=.20

=.10

=.60

=.55

=.35

=.40

=.50

=.20

𝑧1 = .01

𝑧2 = .99



Tools



What is Caffe?

• Open framework, models, and worked examples for deep learning

• Pure C++ / CUDA library for deep learning 

• Command line, Python, MATLAB interfaces

• Seamless switch between CPU and GPU



Caffeinated Companies

News Image Recommendation
select and crop images for news

On This Day
highlight content

Automatic Alt Text
recognize photo content
for accessibility



Blob is Everything

• Blobs are N-D arrays for storing and communicating information.
• hold data, derivatives, and parameters

• lazily allocate memory

• shuttle between CPU and GPU



Protobuf Model Format

• Auto-generates code

• Developed by Google

• Defines Net / Layer / Solver
schemas in *.proto



Gradient Descent



Review: Gradient Descent

• In step 3, we have to solve the following optimization problem:

𝜃∗ = argmin
𝜃

𝐿 𝜃 L: loss function 𝜃: parameters

Suppose that θ has two variables {θ1, θ2}

Randomly start at 𝜃0 =
𝜃1
0

𝜃2
0 𝛻𝐿 𝜃 =

Τ𝜕𝐿 𝜃1 𝜕𝜃1
Τ𝜕𝐿 𝜃2 𝜕𝜃2

𝜃1
1

𝜃2
1 =

𝜃1
0

𝜃2
0 − 𝜂

Τ𝜕𝐿 𝜃1
0 𝜕𝜃1
Τ𝜕𝐿 𝜃2

0 𝜕𝜃2
𝜃1 = 𝜃0 − 𝜂𝛻𝐿 𝜃0

𝜃1
2

𝜃2
2 =

𝜃1
1

𝜃2
1 − 𝜂

Τ𝜕𝐿 𝜃1
1 𝜕𝜃1
Τ𝜕𝐿 𝜃2

1 𝜕𝜃2
𝜃2 = 𝜃1 − 𝜂𝛻𝐿 𝜃1



Review: Gradient Descent 

Start at position 𝜃0

Compute gradient at 𝜃0

Move to 𝜃1 = 𝜃0 - η𝛻𝐿 𝜃0

Compute gradient at 𝜃1

Move to 𝜃2 = 𝜃1 – η𝛻𝐿 𝜃1
Movement

Gradient

…
…

𝜃0

𝜃1

𝜃2

𝜃3

𝛻𝐿 𝜃0

𝛻𝐿 𝜃1

𝛻𝐿 𝜃2

𝛻𝐿 𝜃3

𝜃1

𝜃2 Gradient: Loss (The normal direction of the contour)



Gradient Descent
Tip 1: Tuning your 

learning rates



Learning Rate

No. of parameters updates

Loss

Loss

Very Large

Large

small

Just make

( )11 −− −= iii L 

Set the learning rate η carefully

If there are more than three 
parameters, you cannot 
visualize this.

But you can always visualize this.



Adaptive Learning Rates

• Popular & Simple Idea: Reduce the learning rate by some factor every 
few epochs.
• At the beginning, we are far from the destination, so we use larger learning 

rate

• After several epochs, we are close to the destination, so we reduce the 
learning rate

• E.g. 1/t decay: 𝜂𝑡 = Τ𝜂 𝑡 + 1

• Learning rate cannot be one-size-fits-all

• Giving different parameters different learning rates 



Adagrad

• Divide the learning rate of each parameter by the  root mean square 
of its previous derivatives

𝜎𝑡: root mean square of 
the previous derivatives of 
parameter w

w is one parameters

𝑔𝑡 =
𝜕𝐿 𝜃𝑡

𝜕𝑤

Vanilla Gradient descent

Adagrad

𝑤𝑡+1 ← 𝑤𝑡 − 𝜂𝑡𝑔𝑡

𝜂𝑡 =
𝜂

𝑡 + 1

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂𝑡

𝜎𝑡
𝑔𝑡

Parameter dependent



Adagrad

𝑤1 ← 𝑤0 −
𝜂0

𝜎0
𝑔0

…
…

𝑤2 ← 𝑤1 −
𝜂1

𝜎1
𝑔1

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂𝑡

𝜎𝑡
𝑔𝑡

𝜎0 = 𝑔0 2

𝜎1 =
1

2
𝑔0 2 + 𝑔1 2

𝜎𝑡 =
1

𝑡 + 1
෍

𝑖=0

𝑡

𝑔𝑖 2

𝑤3 ← 𝑤2 −
𝜂2

𝜎2
𝑔2 𝜎2 =

1

3
𝑔0 2 + 𝑔1 2 + 𝑔2 2

𝜎𝑡: root mean square of 
the previous derivatives of 
parameter w



Adagrad

• Divide the learning rate of each parameter by the  root mean square 
of its previous derivatives

𝜂𝑡 =
𝜂

𝑡 + 1

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂

σ𝑖=0
𝑡 𝑔𝑖 2

𝑔𝑡

1/t decay

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂

𝜎𝑡
𝑔𝑡

𝜎𝑡 =
1

𝑡 + 1
෍

𝑖=0

𝑡

𝑔𝑖 2

𝜂𝑡

𝜎𝑡



Contradiction?

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂

σ𝑖=0
𝑡 𝑔𝑖 2

𝑔𝑡

Vanilla Gradient descent

Adagrad

Larger gradient, 
larger step

Larger gradient, 
smaller step

Larger gradient, 
larger step

𝑤𝑡+1 ← 𝑤𝑡 − 𝜂𝑡𝑔𝑡

𝑔𝑡 =
𝜕𝐿 𝜃𝑡

𝜕𝑤
𝜂𝑡 =

𝜂

𝑡 + 1



Intuitive Reason

• How surprise it is

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂

σ𝑖=0
𝑡 𝑔𝑖 2

𝑔𝑡

Contrasting Effect

g0 g1 g2 g3 g4 ……

0.001 0.001 0.003 0.002 0.1 ……

g0 g1 g2 g3 g4 ……

10.8 20.9 31.7 12.1 0.1 ……

Contrast

𝑔𝑡 =
𝜕𝐿 𝜃𝑡

𝜕𝑤
𝜂𝑡 =

𝜂

𝑡 + 1

Very High

Very Small



Larger gradient, larger steps?

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

𝜕𝑦

𝜕𝑥
= |2𝑎𝑥 + 𝑏|

𝑥0

|𝑥0 +
𝑏

2𝑎
|

𝑥0

|2𝑎𝑥0 + 𝑏|

Best step:

−
𝑏

2𝑎

|2𝑎𝑥0 + 𝑏|

2𝑎
Larger 1st order 
derivative means far 
from the minima



Comparison between 
different parameters

𝑤1

𝑤2

𝑤1

𝑤2

a

b

c

d

c > d

a > b

Larger 1st order 
derivative means far 
from the minima

Do not cross parameters



Second Derivative

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

𝜕𝑦

𝜕𝑥
= |2𝑎𝑥 + 𝑏|

−
𝑏

2𝑎

𝑥0

|𝑥0 +
𝑏

2𝑎
|

𝑥0

|2𝑎𝑥0 + 𝑏|

Best step:

𝜕2𝑦

𝜕𝑥2
= 2𝑎 The best step is

|First derivative|

Second derivative

|2𝑎𝑥0 + 𝑏|

2𝑎



Comparison between 
different parameters

𝑤1

𝑤2

𝑤1

𝑤2

a

b

c

d

c > d

a > b

Larger 1st order 
derivative means far 
from the minima

Do not cross parameters
|First derivative|

Second derivative
The best step is

Smaller 
Second

Larger
Second

Larger second derivative

smaller second derivative



|First derivative|

Second derivative

The best step is

Use first derivative to estimate second derivative

first derivative 2

𝑤1 𝑤2

larger second 
derivativesmaller second 

derivative

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂

σ𝑖=0
𝑡 𝑔𝑖 2

𝑔𝑡

?



Gradient Descent
Tip 2: Stochastic 

Gradient Descent 

Make the training faster



Stochastic Gradient Descent

◆Gradient Descent

◆Stochastic Gradient Descent

( )11 −− −= iii L 

( )11 −− −= inii L 

Pick an example xn

Faster!

𝐿 =෍

𝑛

ො𝑦𝑛 − 𝑏 + ෍𝑤𝑖𝑥𝑖
𝑛

2

Loss is the summation over 
all training examples

𝐿𝑛 = ො𝑦𝑛 − 𝑏 + ෍𝑤𝑖𝑥𝑖
𝑛

2

Loss for only one example



Stochastic Gradient Descent

Gradient Descent

Stochastic Gradient Descent

See all 
examples

See all 
examples

See only one 
example

Update after seeing all 
examples

If there are 20 examples, 
20 times faster.

Update for each example



Review

𝑤1

𝑤2

Larger 
Learning Rate

Smaller 
Learning Rate

Adagrad

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂

σ𝑖=0
𝑡 𝑔𝑖 2

𝑔𝑡

Use first derivative to estimate second derivative



RMSProp

𝑤1

𝑤2

Error Surface can be very complex when training NN.

Larger 
Learning Rate

Smaller 
Learning Rate



RMSProp

𝑤1 ← 𝑤0 −
𝜂

𝜎0
𝑔0

…
…

𝑤2 ← 𝑤1 −
𝜂

𝜎1
𝑔1

𝑤𝑡+1 ← 𝑤𝑡 −
𝜂

𝜎𝑡
𝑔𝑡

𝜎0 = 𝑔0

𝜎1 = 𝛼 𝜎0 2 + 1 − 𝛼 𝑔1 2

𝑤3 ← 𝑤2 −
𝜂

𝜎2
𝑔2 𝜎2 = 𝛼 𝜎1 2 + 1 − 𝛼 𝑔2 2

𝜎𝑡 = 𝛼 𝜎𝑡−1 2 + 1 − 𝛼 𝑔𝑡 2

Root Mean Square of the gradients 
with previous gradients being decayed 



Hard to find 
optimal network parameters

Total
Loss

The value of a network parameter w

Very slow at the 
plateau

Stuck at local minima

𝜕𝐿 ∕ 𝜕𝑤
= 0

Stuck at saddle point

𝜕𝐿 ∕ 𝜕𝑤
= 0

𝜕𝐿 ∕ 𝜕𝑤
≈ 0



In physical world ……

• Momentum

How about put this phenomenon 
in gradient descent?



Review: Vanilla Gradient Descent

Start at position 𝜃0

Compute gradient at 𝜃0

Move to 𝜃1 = 𝜃0 - η𝛻𝐿 𝜃0

Compute gradient at 𝜃1

Move to 𝜃2 = 𝜃1 – η𝛻𝐿 𝜃1
Movement

Gradient

…
…

𝜃0

𝜃1

𝜃2

𝜃3

𝛻𝐿 𝜃0

𝛻𝐿 𝜃1

𝛻𝐿 𝜃2

𝛻𝐿 𝜃3

Stop until 𝛻𝐿 𝜃𝑡 ≈ 0



Momentum
Start at point 𝜃0

Compute gradient at 𝜃0

Move to 𝜃1 = 𝜃0 + v1

Compute gradient at 𝜃1

Movement v0=0

Movement v1 = λv0 - η𝛻𝐿 𝜃0

Movement v2 = λv1 - η𝛻𝐿 𝜃1

Move to 𝜃2 = 𝜃1 + v2
Movement

Gradient

𝜃0

𝑣1

𝑣2

𝑣3

𝛻𝐿 𝜃0
𝛻𝐿 𝜃1

𝛻𝐿 𝜃2

𝛻𝐿 𝜃3 Movement not just based 
on gradient, but previous 
movement.

Movement
of last step

Movement: movement of last 
step minus gradient at present 



Momentum

vi is actually the weighted sum of 
all the previous gradient: 

𝛻𝐿 𝜃0 ,𝛻𝐿 𝜃1 , …𝛻𝐿 𝜃𝑖−1

v0 = 0

v1 = - η𝛻𝐿 𝜃0

v2 = - λ η𝛻𝐿 𝜃0 - η𝛻𝐿 𝜃1

…
…

Start at point 𝜃0

Compute gradient at 𝜃0

Move to 𝜃1 = 𝜃0 + v1

Compute gradient at 𝜃1

Movement v0=0

Movement v1 = λv0 - η𝛻𝐿 𝜃0

Movement v2 = λv1 - η𝛻𝐿 𝜃1

Move to 𝜃2 = 𝜃1 + v2

Movement not just based 
on gradient, but previous 
movement

Movement: movement of last 
step minus gradient at present 



Movement = 
Negative of 𝜕𝐿∕𝜕𝑤 + Momentum 

Momentum

cost

𝜕𝐿∕𝜕𝑤 = 0

Still not guarantee reaching 
global minima, but give some 
hope ……

Negative of 𝜕𝐿 ∕ 𝜕𝑤

Momentum

Real Movement



Adam RMSProp + Momentum 

for momentum
for RMSprop


