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Integers

The set of integers, denoted by Z, is a collection of the numbers: 1, 2, 3, and so
on, together with their negatives (i.e., —1, —2, —3, and so on), and 0.

Let @ and b be two integers with a # 0:

@ a divides b if there exists k € Z such that a - &k = b,
Q if a divides b, then b is divisible by a, or equivalently, b is a multiple of a.

The condition a divides b can be written as alb.
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We have
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We have
@ 6 divides 12 because there exists £k = 2 such that 6 -2 = 12,
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We have
@ 6 divides 12 because there exists £k = 2 such that 6 -2 = 12,

@ -3 divides 12 because there exists k = —4 such that —3 - (—4) = 12,
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We have
@ 6 divides 12 because there exists £k = 2 such that 6 -2 = 12,
@ —3 divides 12 because there exists k = —4 such that —3 - (—4) = 12,

@ 6 does not divide 9 because there exists no k € Z such that 6 - k = 9 (the
only value of k satisfying this condition is k = 3/2 ¢ Z),
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Example
We have

@ 6 divides 12 because there exists kK = 2 such that 6 -2 =12,
@ -3 divides 12 because there exists k = —4 such that —3 - (—4) = 12,

@ 6 does not divide 9 because there exists no k € Z such that 6 - k = 9 (the
only value of k satisfying this condition is k = 3/2 & Z),

©Q -9 is divisible by 3 (or a multiple of 3) because 3 divides —9 (because
3.(=3) = —9).
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Exercise: Divisibility

Determine the truth of the following statements:
Q 6 divides 54
@ —27 is a multiple of 3
© 3 divides 91
Q@ 17 is a multiple of —3
Q 4 divides 0

Solution:
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Exercise: Divisibility

Determine the truth of the following statements:
Q 6 divides 54
@ —27 is a multiple of 3
© 3 divides 91
Q@ 17 is a multiple of —3
Q 4 divides 0

Solution:

@ True, because there is £ = 9 such that 6 -9 = 54.
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Exercise: Divisibility

Determine the truth of the following statements:
Q 6 divides 54
@ —27 is a multiple of 3
© 3 divides 91
Q@ 17 is a multiple of —3
Q 4 divides 0

Solution:

@ True, because there is £ = 9 such that 6 -9 = 54.
@ True, because there is k = —9 such that 3- (—9) = —27.
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Exercise: Divisibility

Exercise
Determine the truth of the following statements:
© 6 divides 54
@ —27 is a multiple of 3
© 3 divides 91
Q@ 17 is a multiple of —3
@ 4 divides 0

Solution:

@ True, because there is k =9 such that 6 - 9 = 54.
@ True, because there is k = —9 such that 3- (—9) = —27.
@ False, because there is no k € Z such that 3+ k = 91 (since 91/3 = 303 ¢ Z).
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Exercise: Divisibility

Exercise
Determine the truth of the following statements:
© 6 divides 54
@ —27 is a multiple of 3
© 3 divides 91
Q@ 17 is a multiple of —3
@ 4 divides 0

Solution:

@ True, because there is k =9 such that 6 - 9 = 54.
@ True, because there is k = —9 such that 3- (—9) = —27.
@ False, because there is no k € Z such that 3+ k = 91 (since 91/3 = 303 ¢ Z).

@ False, because there is no k € Z such that —3 - k = 17 (since
17/ -3=-52 ¢ 7).
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Exercise: Divisibility

Exercise
Determine the truth of the following statements:
© 6 divides 54
@ —27 is a multiple of 3
© 3 divides 91
Q@ 17 is a multiple of —3
@ 4 divides 0

Solution:

@ True, because there is £ = 9 such that 6 -9 = 54.
@ True, because there is k = —9 such that 3- (—9) = —27.
@ False, because there is no k € Z such that 3+ k = 91 (since 91/3 = 303 ¢ Z).

@ False, because there is no k € Z such that —3 - k = 17 (since
17/ -3=-52 ¢ 7).

@ True, because there is K = 0 such that 4 -0 = 0.
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Greatest Common Divisor, ged

The largest integer that divides both of two integers (not both are zero) is called
the greatest common divisor of these integers.

Definition
Let a,b € Z, not both are zero. The largest integer d such that d|a and d|b is

called the greatest common divisor of a and b. If d is the greatest common divisor
of a and b, we denote d as ged (a, b).

We infer that d is ged (a, b) if d satisfies following condition:
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Greatest Common Divisor, ged

The largest integer that divides both of two integers (not both are zero) is called
the greatest common divisor of these integers.

Definition
Let a,b € Z, not both are zero. The largest integer d such that d|a and d|b is

called the greatest common divisor of a and b. If d is the greatest common divisor
of a and b, we denote d as ged (a, b).

We infer that d is ged (a, b) if d satisfies following condition:
Q d|a and db,
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Greatest Common Divisor, ged

The largest integer that divides both of two integers (not both are zero) is called
the greatest common divisor of these integers.

Definition
Let a,b € Z, not both are zero. The largest integer d such that d|a and d|b is

called the greatest common divisor of a and b. If d is the greatest common divisor
of a and b, we denote d as ged (a, b).

We infer that d is ged (a, b) if d satisfies following condition:
Q d|a and db,
@ if there is ¢ € Z such that c|a and ¢|b, then ¢|d.
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Brercise
Determine the ged of
Q 24 and 36
Q 17 and 22
@ 120 and 500
@ —3and -9
Q@ —3and 0

Solution: Observe that
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Berdse
Determine the ged of
Q 24 and 36
Q 17 and 22
© 120 and 500
@ —3and -9
Q@ —3and 0

Solution: Observe that
@ The positive divisors of 24 are
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Berdse
Determine the ged of
Q 24 and 36
Q 17 and 22
© 120 and 500
@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are
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Berdse
Determine the ged of
Q 24 and 36
Q 17 and 22
© 120 and 500
@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) =
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Berdse
Determine the ged of
Q 24 and 36
Q 17 and 22
© 120 and 500
@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24,36) = 12.
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Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are




Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are




Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) =




Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =22 -3 -5 and 500 =



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ —3and 0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.
@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.
@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ged (120, 500) =



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ng (120, 500) — 2min(3,2) . 3min(1,0) N 5min(1,3) —=92.51 —9(.



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ng (120, 500) — 2min(3,2) . 3min(1,0) N 5min(1,3) —=92.51 —9(.
@ The divisors of —3 are



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ng (120, 500) — 2min(3,2) . 3min(1,0) N 5min(1,3) —=92.51 —9(.

@ The divisors of —3 are £1 and +3, the divisors of —9 are



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.
@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.
@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ged (120,500) = 2min(3:2) . 3min(1.0) . gmin(L,3) — 92. 51 = 20

@ The divisors of —3 are &1 and +3, the divisors of —9 are +1, +3, and £9,
as a result ged (—3,-9) =



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ 3and0

Solution: Observe that
@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.
@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.
@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ged (120,500) = 2min(3:2) . 3min(1.0) . gmin(L,3) — 92. 51 = 20

@ The divisors of —3 are +1 and +3, the divisors of —9 are £1, +3, and +9,
as a result ged (—3,-9) = 3.



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ged (120,500) = 2min(3:2) . 3min(1.0) . gmin(L,3) — 92. 51 = 20

@ The divisors of —3 are +£1 and +£3, the divisors of —9 are 4+1, 43, and %9,
as a result ged (—3,-9) = 3.

@ The divisors of —3 are



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ged (120,500) = 2min(3:2) . 3min(1.0) . gmin(L,3) — 92. 51 = 20

@ The divisors of —3 are +£1 and +£3, the divisors of —9 are 4+1, 43, and %9,
as a result ged (—3,-9) = 3.

@ The divisors of —3 are £1 and £3, since 0 is divisible by 3, then
ged (—3,0) =



Exercise
Determine the ged of

© 24 and 36
Q@ 17 and 22
© 120 and 500
Q@ —3and -9
Q@ —3and 0

Solution: Observe that

@ The positive divisors of 24 are 1,2,3,4,6,12,24, and the positive divisors of
36 are 1,2,3,4,6,12,18,36. Therefore ged (24, 36) = 12.

@ The positive divisors of 17 are 1 and 17, and the positive divisors of 22 are
1,2,11,22. Therefore ged (17,22) = 1.

@ We have 120 =23 -3 -5 and 500 = 22 - 52, therefore
ged (120,500) = 2min(3:2) . 3min(1.0) . gmin(L,3) — 92. 51 = 20

@ The divisors of —3 are +£1 and +£3, the divisors of —9 are 4+1, 43, and %9,
as a result ged (—3,-9) = 3.

@ The divisors of —3 are £1 and £3, since 0 is divisible by 3, then
ged (—3,0) = 3.



Least Common Multiple, lem

The smallest integer which are the multiple of two positive integers is called the
least common multiple of these numbers.

Definition
Let a,b € ZT. The smallest integer c that is divisible by both a and b is called the

least common multiple of a and b. If ¢ is the least common multiple of a and b,
then we denote ¢ as lcm (a, ).

We infer that ¢ is lcm (a, b) if ¢ satisfies following condition:
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Least Common Multiple, lem

The smallest integer which are the multiple of two positive integers is called the
least common multiple of these numbers.

Definition
Let a,b € ZT. The smallest integer c that is divisible by both a and b is called the

least common multiple of a and b. If ¢ is the least common multiple of a and b,
then we denote ¢ as lcm (a, ).

We infer that ¢ is lcm (a, b) if ¢ satisfies following condition:

Q alc and bc,
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Least Common Multiple, lem

The smallest integer which are the multiple of two positive integers is called the
least common multiple of these numbers.

Definition
Let a,b € ZT. The smallest integer c that is divisible by both a and b is called the

least common multiple of a and b. If ¢ is the least common multiple of a and b,
then we denote ¢ as lcm (a, ).

We infer that ¢ is lcm (a, b) if ¢ satisfies following condition:
Q alc and bc,
@ if there is d € Z such that a|d and b|d, then c|d.
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,

@ 120 and 500,

Solution: Observe that
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,

@ 120 and 500,
Solution: Observe that

@ The multiples of 24 are
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,

@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24, 48,72, 96,

..., and the multiples of 36 are
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,

@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36,72,108, ..., therefore lem (24, 36) =
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,

@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36, 72,108, ..., therefore lcm (24, 36) = 72.
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,
@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36, 72,108, ..., therefore lcm (24, 36) = 72.

@ The multiples of 7 are
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,
@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36, 72,108, ..., therefore lcm (24, 36) = 72.

@ The multiples of 7 are 7,14,21, ..., and the multiples of 3 are
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,
@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36, 72,108, ..., therefore lcm (24, 36) = 72.

@ The multiples of 7 are 7,14,21, ..., and the multiples of 3 are
3,9,12,15,18,21,. .., therefore lem (7,3) =
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,
@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36, 72,108, ..., therefore lcm (24, 36) = 72.

@ The multiples of 7 are 7,14,21, ..., and the multiples of 3 are
3,9,12,15,18,21,.. ., therefore lem (7, 3) = 21.
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,
@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36, 72,108, ..., therefore lcm (24, 36) = 72.

@ The multiples of 7 are 7,14,21, ..., and the multiples of 3 are
3,9,12,15,18,21,.. ., therefore lem (7, 3) = 21.

@ We have 120 =
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Determine the lem of

Q@ 24 and 36,
@ 7 and 3,
@ 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36, 72,108, ..., therefore lcm (24, 36) = 72.

@ The multiples of 7 are 7,14,21, ..., and the multiples of 3 are
3,9,12,15,18,21,.. ., therefore lem (7, 3) = 21.

@ We have 120 =23 -3 -5 and 500 =
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Exercise

Determine the lecm of
Q@ 24 and 36,
Q 7 and 3,
© 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36,72,108, ..., therefore lem (24, 36) = 72.

@ The multiples of 7 are 7,14,21, ..., and the multiples of 3 are
3,9,12,15,18,21,.. ., therefore lem (7, 3) = 21.

@ We have 120 = 23 -3 -5 and 500 = 22 - 53, hence
lem (120, 500) =
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Exercise

Determine the lecm of
Q@ 24 and 36,
Q 7 and 3,
© 120 and 500,

Solution: Observe that

@ The multiples of 24 are 24,48,72,96, ..., and the multiples of 36 are
36,72,108, ..., therefore lem (24, 36) = 72.

@ The multiples of 7 are 7,14,21, ..., and the multiples of 3 are
3,9,12,15,18,21,.. ., therefore lem (7, 3) = 21.

@ We have 120 = 23 -3 -5 and 500 = 22 - 53, hence
lem (120, 500) = 2max(3,2) . gmax(1,0) . smax(1,3) — 93 . 3. 53 — 3000.
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

The numbers —2, —4, 0, and 2020 are even.
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

The numbers —2, —4, 0, and 2020 are even. We have —2 =
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

The numbers —2, —4, 0, and 2020 are even. We have —2 =2 (-1), —4 =
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.
Observe that n is an even integer iff n is divisible by 2.

0=

The numbers —2, —4, 0, and 2020 are even. We have —2 = 2(—1), —4 = 2 (-2)
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

0 =2(0), and 2020 =

The numbers —2, —4, 0, and 2020 are even. We have —2 = 2(—1), —4 = 2 (-2)
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

have —3 =

The numbers —2, —4, 0, and 2020 are even. We have —2 = 2(—1), —4 = 2 (-2)
0 =2(0), and 2020 = 2 (1010). The numbers —3, —7, 1, and 2021 are odd. We
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

The numbers —2, —4, 0, and 2020 are even. We have —2 = 2(—1), —4 = 2 (-2)
have —3=2(-2)+1, -7=

0 =2(0), and 2020 = 2 (1010). The numbers —3, —7, 1, and 2021 are odd. We
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

The numbers —2, —4, 0, and 2020 are even. We have —2 = 2(—1), —4 = 2 (-2)
0 =2(0), and 2020 = 2 (1010). The numbers —3, —7, 1, and 2021 are odd. We
have —3=2(—2)+1, —7=2(-4)+1,1=
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

The numbers —2, —4, 0, and 2020 are even. We have —2 = 2(—1), —4 = 2 (-2)
0 =2(0), and 2020 = 2 (1010). The numbers —3, —7, 1, and 2021 are odd. We
have —3=2(-2)+1, —7=2(-4)+1, 1= (2)(0)+ 1, and

2021 =
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Even and Odd Numbers

An integer n is even if there exists an integer k such that n = 2k; an integer n is
odd if there exists and integer k£ such that n = 2k + 1.

Observe that n is an even integer iff n is divisible by 2.

The numbers —2, —4, 0, and 2020 are even. We have —2 = 2(—1), —4 = 2 (-2)
0 =2(0), and 2020 = 2 (1010). The numbers —3, —7, 1, and 2021 are odd. We
have —3=2(-2)+1, —7=2(-4)+1, 1= (2)(0)+ 1, and

2021 = 2(1010) + 1.
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Determine whether each of these integers are even or odd: —17, 71, 84, —1990,
and —109. Express in the form 2k or 2k + 1 for an integer k.
Solution: We have —17 =
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and —109. Express in the form 2k or 2k + 1 for an integer k.

Determine whether each of these integers are even or odd: —17, 71, 84, —1990,
Solution: We have —17 =2(—9) + 1, so —17 is odd; 71 =
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Determine whether each of these integers are even or odd: —17, 71, 84, —1990,
and —109. Express in the form 2k or 2k + 1 for an integer k.

Solution: We have —17 =2(—9) + 1, so —17 is odd; 71 =2(35) + 1, so 71 is
odd; 84 =
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Determine whether each of these integers are even or odd: —17, 71, 84, —1990,
and —109. Express in the form 2k or 2k + 1 for an integer k.

Solution: We have —17 =2(—9) + 1, so —17 is odd; 71 =2(35) + 1, so 71 is
odd; 84 = 2 (42), so 84 is even; —1990 =
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Determine whether each of these integers are even or odd: —17, 71, 84, —1990,
and —109. Express in the form 2k or 2k + 1 for an integer k.

Solution: We have —17 =2(—9) + 1, so —17 is odd; 71 =2(35) + 1, so 71 is
odd; 84 = 2(42), so 84 is even; —1990 = 2 (—995), so —1990 is even; and
—109 =
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Determine whether each of these integers are even or odd: —17, 71, 84, —1990,
and —109. Express in the form 2k or 2k + 1 for an integer k.

Solution: We have —17 =2(—9) + 1, so —17 is odd; 71 =2(35) + 1, so 71 is
odd; 84 = 2(42), so 84 is even; —1990 = 2 (—995), so —1990 is even; and
—109 = 2(—55) + 1, so —109 is odd.
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Perfect Square

An integer n is called a perfect square if there exists an integer b such that n = b?. I

The numbers 4, 9, and 49 are perfect squares, because 4 =
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Perfect Square

An integer n is called a perfect square if there exists an integer b such that n = b?. I

The numbers 4, 9, and 49 are perfect squares, because 4 = 22 9=
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Perfect Square

An integer n is called a perfect square if there exists an integer b such that n = b?. I
49

The numbers 4, 9, and 49 are perfect squares, because 4 = 22.9=32 and
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Perfect Square

An integer n is called a perfect square if there exists an integer b such that n = b?. I
49 = 72,

The numbers 4, 9, and 49 are perfect squares, because 4 = 22.9=32 and
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Perfect Square

An integer n is called a perfect square if there exists an integer b such that n = b?. '

The numbers 4, 9, and 49 are perfect squares, because 4 = 22.9=32 and

49 = 72. The numbers 7, 8, and 11 are not perfect squares, because there are no
integers a, b, and ¢ such that 7 = a?, 8 = b%, and 11 = 2.
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0.

Verify whether the following integers are perfect square or not: 81, 225, —64, 90,
Solution: We have:
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0.

Solution: We have:

Verify whether the following integers are perfect square or not: 81, 225, —64, 90,
@ 81 =92, so 81 is a perfect square;
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0.

Verify whether the following integers are perfect square or not: 81, 225, —64, 90,
Solution: We have:

@ 81 =92, so 81 is a perfect square;

@ 225 =152 50225is a perfect square;
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Verify whether the following integers are perfect square or not: 81, 225, —64, 90,
0.

Solution: We have:

@ 81 =92, so 81 is a perfect square;
@ 225 =152 50225is a perfect square;
@ 64 is not a perfect square (because n? > 0 for any integer n);
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Verify whether the following integers are perfect square or not: 81, 225, —64, 90,
0.

Solution: We have:
@ 81 =92, so 81 is a perfect square;
@ 225 =152 50225is a perfect square;
@ 64 is not a perfect square (because n? > 0 for any integer n);

@ 90 is not a perfect square (because 92 < 90 < 10? and there is no integer
between 9 and 10);
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Exercise

Verify whether the following integers are perfect square or not: 81, 225, —64, 90,
0.

Solution: We have:
@ 81 =092, so 81 is a perfect square;
Q 225 =152,50225is a perfect square;
@ 64 is not a perfect square (because n? > 0 for any integer n);

@ 90 is not a perfect square (because 92 < 90 < 10? and there is no integer
between 9 and 10);

@ 0 =02 so00is a perfect square.
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Fractions or Rational Numbers

A fraction or a rational number is a number of the form %, where a and b are
integers and b # 0.

In a fraction ¢

@ a is called the numerator,
@ b is called the denominator.

A fraction ¢ is in simplest form if gcd (a,b) = 1.
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We have:
8 . . . 8 . 4
@ 15 is a rational number, the simplest form of {5 is 5, we have ged (4,9) = 1.
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We have:
Qo % is a rational number, the simplest form of 1% is %, we have ged (4,9) = 1.
@ 25 is a rational number and it can be written as 2—15 we have ged (25,1) = 1.
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We have:
Qo % is a rational number, the simplest form of 1% is %, we have ged (4,9) = 1.
@ 25 is a rational number and it can be written as 2—15 we have ged (25,1) = 1.
@ — is a rational number, the simplest form of —2 is —%, we have
ged (—1,5) = 1.

High School Math Review
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We have:
@ £ is a rational number, the simplest form of & is 4, we have ged (4,9) =
@ 25 is a rational number and it can be written as =2, we have ged (25,1) =
Q —2—55 is a rational number, the simplest form of =2 fg %, we have
ged (—1,5) = 1.

@ —101 is a rational number and it can be written as —1(1)1 we have
ged (—101,1) = 1.
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:
1.2
;-5
21 4
9 % X3
17 . 3
9 51
Q %+%;,whereb7é0
b 11
Q (-2 :(L—1) wherea,b#0anda#b
Solution:
Qi 2-
x =
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:

12
Q3-3
0 24

17 . 3
Q 5}

2

Q 7+ 3z, where b # 0

o _by.(1_1
Q (-2 :(L—1) wherea,b#0anda#b
Solution:

12 1
33_5_ 15

2
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:
1.2
;-5
21 4
9 % X3
17 . 3
o ® 4
2
Q 7+ 3z, where b # 0
a _by.(1_1
Q (-2 :(L—1) wherea,b#0anda#b
Solution:
1_2_ _ 1
Q3-5= 15
21 4 _ 7
QO T x5=5
7.
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:

12
Q3-3
21 _ 4
Q T X3
17 . 3
Q 5}
Q 7+ % where b # 0
Q@ (4-2):(2—-1) wherea,b#0anda#b
Solution
12 1
9;-35= 15
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:

12
Q3-3
21 _ 4
Q T X3
17 . 3
Q 5}
Q 7+ % where b # 0
Q@ (4-2):(2—-1) wherea,b#0anda#b
Solution
12 1
9;-35= 15
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:
1.2
;-5
21 4
9 % X3
17 . 3
9 51
Q 7+ % where b # 0
a b 1
Q (-2 :(L—1) wherea,b#0anda#b
Solution
1_2_ _ 1
Q3-5= 15
21 4 _ 7
QO T x5=5
17 .3 _ 17
QO §:1=%

2 bt+a? a(a+b
°%+‘;—2=“;;‘1 = (b2)
a b 1 1\ _

@ (3-2):(-3)=
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:
1.2
;-5
21 4
9 % X3
17 . 3
9 51
Q 7+ % where b # 0
Q@ (4-2):(2—-1) wherea,b#0anda#b
Solution
1_2_ _ 1
Q3-5= 15
21 4 _ 7
QO T x5=5
17 .3 _ 17
O T:1=%
2 bt+a? a(a+b
O §+fr = e = Y
a b 1 1\ _ [ a®—b? b—a) _
@ (4-8): (k-1 = (L) (&) -

MZI (SoC Tel-U) High School Math Review



Exercise: Junior High Review

Express each of these operation in a simplest rational number:
1.2
;-5
21 4
9 % X3
17 . 3
9 51
Q 7+ % where b # 0
Q@ (4-2):(2—-1) wherea,b#0anda#b
Solution
1_2_ _ 1
Q3-5= 15
21 4 _ 7
QO T x5=5
17 .3 _ 17
O T:1=%
2 bt+a? a(a+b
Q §+ 4 = e =
a b 1 1\ _ [ a®—b? b—a a®—b?
@ (4-8): (-1 = (L) () =5 =
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Exercise: Junior High Review

Express each of these operation in a simplest rational number:

12
0;-3
® i}
17 . 3
97.4
Q ¢+ % where b # 0

5 T
Q@ (4-2):(2—-1) wherea,b#0anda#b

a

b
(8-2): (A3 = (£58) : (B5p) = 428 = LD _ (g 1p)
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Powers (Exponents)

Powers (Exponents)

Powers (exponents) are used to denote the repeated multiplication of a number by
itself, for instances:

9 3*=(3)(3)(3)(3) =31,
@ (-3)° =(-3)(-3)(-3)(-3)(-3) = —243.
In general, for a € R and positive integer n
a"=axax---Xa.
—_——
n terms
We also define

Q ifa#0, thena® =1,

@ if a # 0 and n is a positive integer, then a™" = L.
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Roots

A square root of a nonnegative number a, denoted by 1/a, is a (nonnegative)
number 7 such that 72 = a. For instances:
9 V9=
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Roots

A square root of a nonnegative number a, denoted by 1/a, is a (nonnegative)
number 7 such that r? = a. For instances:

Q@ V9 = 3 because 32 =9,
Q@ V25 =
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Roots

Roots

A square root of a nonnegative number a, denoted by 1/a, is a (nonnegative)
number 7 such that 2 = a. For instances:

@ V9 = 3 because 32 =9,
@ V25 = 5 because 52 = 25.

The n-th root of a number a, denoted by {/a, is defined as a number 7 such that
r™ = a. For instances:

0 V8=
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Roots

Roots

A square root of a nonnegative number a, denoted by 1/a, is a (nonnegative)
number 7 such that 2 = a. For instances:

@ V9 = 3 because 32 =9,
@ V25 = 5 because 52 = 25.

The n-th root of a number a, denoted by {/a, is defined as a number 7 such that
r™ = a. For instances:

@ /8 =2 because 23 = 8,
Q V8l=

MZI (SoC Tel-U) High School Math Review November 2023 22 /271



Roots

Roots

A square root of a nonnegative number a, denoted by 1/a, is a (nonnegative)
number 7 such that 2 = a. For instances:

@ V9 = 3 because 32 =9,
@ V25 = 5 because 52 = 25.

The n-th root of a number a, denoted by {/a, is defined as a number 7 such that
r™ = a. For instances:

Q@ /8 =2 because 23 =8,
@ /81 = 3 because 3* = 81,
0 7=

MZI (SoC Tel-U) High School Math Review November 2023 22 /271



Roots

Roots

A square root of a nonnegative number a, denoted by 1/a, is a (nonnegative)
number 7 such that 2 = a. For instances:

@ V9 = 3 because 32 =9,
@ V25 = 5 because 52 = 25.

The n-th root of a number a, denoted by {/a, is defined as a number 7 such that
r™ = a. For instances:

Q@ /8 =2 because 23 =8,
@ /81 = 3 because 3* = 81,
Q@ /—27 = — 3 because (—3)° = —27.

. 1
The n-th root of a number a or {/a can also be written as an.
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Properties of Exponents and Roots

Suppose a > 0 and b > 0.

No. | Rules | Examples

1| Va'=a |
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Properties of Exponents and Roots

Suppose a > 0 and b > 0.

No. | Rules | Examples
1| (Vo' =a (V3) =3
2 Va2 =a
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Properties of Exponents and Roots

Suppose a > 0 and b > 0.

No. Rules Exarpples
1| (Vay'=a (v3) =3
2 VaZ=a V22 =2
3 | Vavb = Vab
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Properties of Exponents and Roots

Suppose a > 0 and b > 0.
No. Rules Examples
1| (Va)=a (V3)" =3
2 Va2 =a WP =2
3 | Vavb=Vab | V2V8=V16=4
4 s% = /Z
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Properties of Exponents and Roots

Suppose a > 0 and b > 0.

No. Rules Examples
1 [ (Vo' =a (V3) =3
2 VaZ=a V22 =2

3 | Vavb=vVab | +2V8=V16=4

t W=VE [E=VE=VA=s

MZI (SoC Tel-U) High School Math Review



Suppose z # 0 and y # 0, a and b are integers.

No. | Rules | Examples

MZI (SoC Tel-U) High School Math Review



Suppose z # 0 and y # 0, a and b are integers.

No. | Rules | Examples
—a _— 1 —3 _ 1 _ T
1 T =g 3 =m =5
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Suppose z # 0 and y # 0, a and b are integers.

No. Rules Examples

1 =L 3%=g=35

2 | (29 (a®) = 27tt | (37) (3%) = 32+3 = 35 = 243
3 % = g2-"

MZI (SoC Tel-U)
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Suppose z # 0 and y # 0, a and b are integers.

No. Rules Examples
—a _— 1 —3 _ 1 _ T
1 T =g 3 =g = oy

2 | (%) () = 2ot | (37) (3%) = 32+3 = 35 = 243

3 Z; — gasb S =ogl=g
4 z0 =1

MZI (SoC Tel-U) High School Math Review



Suppose z # 0 and y # 0, a and b are integers.

No. Rules Examples
—a — L =3 _ 1 — T
1 T =g 3 =g = oy

2 | (%) () = 2ot | (37) (3%) = 32+3 = 35 = 243

3 Z; — gasb S =ogl=g
4 ® =1 3°=1
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Suppose z # 0 and y # 0, a and b are integers.

No. Rules Examples
—a — L =3 _ 1 — T
1 T =g 3 =g = oy

2 | (%) () = 2ot | (37) (3%) = 32+3 = 35 = 243

3 Z; — gasb S =ogl=g
4 ® =1 3°=1
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Rules Regarding Powers Operations

Suppose z # 0 and y # 0, a and b are integers.

No. Rules Examples
I o=% G p
2 (z) (:L’b) — gatb (32) (33) _ 3243 _ 35 _ 943
3 i_zzxa—b 3_2:33—2:31:3
4 xo =1 30 -1
5 | (29) (y*) = (ay)® | 2233 =(2-3)° =6° =216
:L‘a_:[;a’ 24_24_16
6 (5) e 3) =%=%
7| @) =a
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Rules Regarding Powers Operations

Suppose z # 0 and y # 0, a and b are integers.

No. Rules Examples
T ec=Z =4 =%
2 | (z%) (zb) = zotP | (32) (3%) = 3243 =35 = 243
3 i_zzxa—b 3_2:33—2:31:3
4 29 =1 30 —1
5 | (2%) (y*) = (ay)" | 2°-3% = (2-3)> = 6% = 216
2\ z? 4 4
o () =% B =5-4
7 (xa)b — pab (23)2 — 932 _ 96 _ 64
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Exercise: Properties of exponents and roots

Simplify following expressions:
o (n°) (n7)
@ (s7) (")

12

oz
o (%)

Solution:
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Exercise: Properties of exponents and roots

Simplify following expressions:
o (n°) (n7)

@ (s7) (")

o =

o (%)

Solution: (1) n?,
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Exercise: Properties of exponents and roots

Simplify following expressions:
o (n°) (n7)

@ (s7) (")

o =

o (%)

Solution: (1) n2, (2) (st)",
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Exercise: Properties of exponents and roots

Simplify following expressions:
o (n°) (n7)

@ (s7) (")

o =

o (%)

Solution: (1) n2, (2) (st)”, (3) r®,
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Exercise: Properties of exponents and roots

Simplify following expressions:
o (n°) (n7)

@ (s7) (")

o =

o (%)

Solution: (1) 12, (2) (st)”, (3) 1%, (4) 22¢2
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Algebraic ldentities

Some useful algebraic identities:

(a+b)? =
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Algebraic ldentities

Some useful algebraic identities:

(a+0)* a? 4 2ab + b*
(a+0) =
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Algebraic ldentities

Some useful algebraic identities:

(a+0)* a? 4 2ab + b*
(a+b)°

a® + 3a%b + 3ab® + b3
a® —1?
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Algebraic ldentities

Some useful algebraic identities:

(a+b)? = a®+2ab+0b?
(a+b)° = a®+3a%+3ab> +b°
a>—bv* = (a—b)(a+D)

a® -
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Algebraic Identities

Some useful algebraic identities:

(a+b)? = a®+2ab+0b?
(a+0)° = a®+3a% +3ab® +b°
a>—bv* = (a—b)(a+D)
a®—b = (a—0b)(a®+ab+b?)

Write the expansions of the following expressions:

0 (a-b)’
Q@ (3a—2b)°
Solution:
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Algebraic Identities

Some useful algebraic identities:

(a+b)? = a®+2ab+0b?
(a+0)° = a®+3a% +3ab® +b°
a>—bv* = (a—b)(a+D)
a®—b = (a—0b)(a®+ab+b?)

Write the expansions of the following expressions:

0 (a-b)’
Q@ (3a—2b)°
Solution:

Q (a—b)° = a® — 3a%b + 3ab® — b3.
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Algebraic Identities

Some useful algebraic identities:

(a+b)? = a®+2ab+0b?
(a+0)° = a®+3a% +3ab® +b°
a>—bv* = (a—b)(a+D)
a®—b = (a—0b)(a®+ab+b?)

Write the expansions of the following expressions:

0 (a-b)’
Q@ (3a—2b)°
Solution:

Q (a—b)° = a® — 3a%b + 3ab® — b3.
Q (3a—2b)* = 9a2 — 12ab + 4b2.

MZI (SoC Tel-U) High School Math Review



	Integers Arithmetic
	Fractions (Rational Numbers)
	Powers (Exponents) and Roots
	Algebraic Identities

