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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (1)

Exercise

Let Vo P (x) be a formula where P (z) is the statement “z* < 10". Determine
the truth value of Vz P (z) if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}

Solution:
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Let Vo P (x) be a formula where P (z) is the statement “z* < 10". Determine
the truth value of Vz P (z) if the domain is:
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (1)

Exercise

Let Vo P (x) be a formula where P (z) is the statement “z* < 10". Determine
the truth value of Vz P (z) if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}

Solution:

@ If the domain is {0, 1,2, 3}, then

Vz P(z) = P(O)AP()AP(2)AP(3)
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (1)

Exercise

Let Vo P (x) be a formula where P (z) is the statement “z* < 10". Determine
the truth value of Vz P (z) if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:
@ If the domain is {0, 1,2, 3}, then
Ve P(z) = P(O)AP()AP(2)AP(3)
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MZI (SoC Tel-U) Predicate Logic 2 October 2023 5/ 44



Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (1)

Exercise

Let Vo P (x) be a formula where P (z) is the statement “z* < 10". Determine
the truth value of Vz P (z) if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:
@ If the domain is {0, 1,2, 3}, then
Ve P(x) = PO)AP(1)AP(2)AP(3)

(0> < 10) A (17 < 10) A (2% < 10) A (3% < 10)
(0<10)A(1<10)A(4<10)A(9<10)=

MZI (SoC Tel-U) Predicate Logic 2 October 2023 5/ 44



Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (1)

Exercise

Let Vo P (x) be a formula where P (z) is the statement “z* < 10". Determine
the truth value of Vz P (z) if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:
@ If the domain is {0, 1,2, 3}, then
Ve P(x) = PO)AP(1)AP(2)AP(3)

(0> < 10) A (17 < 10) A (2% < 10) A (3% < 10)
0<10)A(1<10)A(4<10)A(9<10)=T.
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Truth of Formulas with Single Quantifier

Q If the domain is {1,2, 3,4}, then

Ve P(z) =
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Truth of Formulas with Single Quantifier

Q If the domain is {1,2, 3,4}, then

Vo P(z) = P()AP(@2)AP(3)AP4)
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Truth of Formulas with Single Quantifier

Q If the domain is {1,2, 3,4}, then

Vo P(z) = P()AP(2)AP(3)AP(4)
= (17 <10) A (2% <10) A (3% < 10) A (4% < 10)
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Truth of Formulas with Single Quantifier

Q If the domain is {1,2, 3,4}, then

Ve P(z) = P(L)AP(2)AP(3)AP(4)
= (17 <10) A (2% <10) A (3% < 10) A (4% < 10)
= (1<10)A(4<10)A(9<10)A (16 < 10) =
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Truth of Formulas with Single Quantifier

Q If the domain is {1,2, 3,4}, then

Vo P(z) = P()AP(2)AP(3)AP(4)
= (17 <10) A (2% <10) A (3% < 10) A (4% < 10)
= (1<10)A(4<10)A(9<10)A (16 <10) =F.

MZI (SoC Tel-U) Predicate Logic 2 October 2023 6 /44



Truth of Formulas with Single Quantifier

Q If the domain is {1,2, 3,4}, then

Vo P(z) = P()AP(2)AP(3)AP(4)
= (17 <10) A (2% <10) A (3% < 10) A (4% < 10)
= (1<10)A(4<10)A(9<10)A (16 <10) =F.

In this case, 4 is the counterexample of the formula Vx (x2 < 10) over the
domain {1,2, 3,4}.
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}

@ the set of real numbers R

Q theset {1,2,3,...}

Solution:
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Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}

@ the set of real numbers R

Q theset {1,2,3,...}

Solution:

@ If the domain is {0,1,2}, then Vz P(x) = P(0) AP (1) AP(2) =
(02>0)A(12>1)A(22>2) =
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Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}

@ the set of real numbers R

Q theset {1,2,3,...}

Solution:
@ If the domain is {0,1,2}, then Vz P(x) = P(0) AP (1) AP(2) =
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}

@ the set of real numbers R

Q theset {1,2,3,...}

Solution:
@ If the domain is {0,1,2}, then Vz P(x) = P(0) AP (1) AP(2) =
(02>20)A(12>21)A(2222)= (0=20)A(1=>1)A(4>2)=T.

Q If the domain is the set of real numbers R,
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (2)

Exercise
Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}

Q the set of real numbers R

Q theset {1,2,3,...}

Solution:

@ If the domain is {0,1,2}, then Vz P(x) = P(0) AP (1) AP(2) =
(02>20)A(12>21)A(2222)= (0=20)A(1=>1)A(4>2)=T.

Q If the domain is the set of real numbers R, for z = % we have
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the

truth value of Vo P () if the domain is:
Q the set {0,1,2}
@ the set of real numbers R
Q theset {1,2,3,...}

Solution:

@ If the domain is {0, 1,2}, then Vx P (z) = P(0) AP (1) AP (2) =
(02>0)A(12>1)A(22>2)= (0>0)A(1>1)A(4>2)=T.
Q If the domain is the set of real numbers R, for z = % we have
2_1 _1

_ _ : 1\2 1 -
x*=;3<5=uwmorin other words (5) > 5 is false.
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}

@ the set of real numbers R

Q theset {1,2,3,...}
Solution:

@ If the domain is {0, 1,2}, then Vx P (z) = P(0) AP (1) AP (2) =

(02>0)A(12>1)A(22>2)= (0>0)A(1>1)A(4>2)=T.

@ If the domain is the set of real numbers R, for = L we have

2
. 2 .
2% =1 < =, orin other words (5)~ > 1 is false. Therefore

2
Vo P(z)=Vz (2 >2) =F.
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the

truth value of Vo P () if the domain is:
Q the set {0,1,2}
@ the set of real numbers R
Q theset {1,2,3,...}

Solution:

@ If the domain is {0, 1,2}, then Vo P (z) = P(0) AP (1) A P(

)=

(02>20)A(12>21)A(2222)= (0=20)A(1=>1)A(4>2)=T.

Q If the domain is the set of real numbers R, for z =

1 1

T
VY
Vx

2

~

—~

2% > ) over the domain R.
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Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}
Q the set of real numbers R
Q theset {1,2,3,...}

Solution:
@ If the domain is {0, 1,2}, then Vx P (z) = P(0) AP (1) AP (2) =
(02>0)A(12>1)A(22>2)= (0>0)A(1>1)A(4>2)=T.
@ If the domain is the set of real numbers R, for = L we have

2
. 2 .
2% =1 < =, orin other words (5)~ > 1 is false. Therefore
Vo P(z) =Vz (22 > z) =F. In this case z = 1 is the counterexample of
Vz (2% > x) over the domain R.

Q Ifz>1,
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Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}
Q the set of real numbers R
Q theset {1,2,3,...}
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@ If the domain is {0, 1,2}, then Vx P (z) = P(0) AP (1) AP (2) =
(02>0)A(12>1)A(22>2)= (0>0)A(1>1)A(4>2)=T.
@ If the domain is the set of real numbers R, for = L we have

2
. 2 .
2% =1 < =, orin other words (5)~ > 1 is false. Therefore
Vo P(z) =Vz (22 > z) =F. In this case z = 1 is the counterexample of
Vz (2% > x) over the domain R.

@ If z > 1, multiplying both sides with = implies
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Truth of Formulas with Single Quantifier (2)

Exercise

Let Vz P (x) be a formula where P (z) is the statement “z* > z". Determine the
truth value of Vo P () if the domain is:

Q the set {0,1,2}
Q the set of real numbers R
Q theset {1,2,3,...}

Solution:
@ If the domain is {0, 1,2}, then Vx P (z) = P(0) AP (1) AP (2) =
(02>0)A(12>1)A(22>2)= (0>0)A(1>1)A(4>2)=T.
@ If the domain is the set of real numbers R, for = L we have

2

2* = 1 < § =, or in other words (%)2 > L is false. Therefore
Vo P(z) =Vz (22 > z) =F. In this case z = 1 is the counterexample of
Vz (2% > x) over the domain R.

@ If z > 1, multiplying both sides with z implies 22 > z, so x? > z is true.

Therefore
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Truth of Formulas with Single Quantifier (2)

Exercise
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Solution:
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2
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Vz (2% > x) over the domain R.
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (3)

Exercise

Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}

Solution:
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Truth of Formulas with Single Quantifier (3)

Exercise

Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}

Solution:
@ If the domain is {0, 1,2, 3}, then
Jx P(x) =
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Exercise

Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:

@ If the domain is {0, 1,2, 3}, then
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Truth of Formulas with Single Quantifier (3)
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Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:

@ If the domain is {0, 1,2, 3}, then
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Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:

@ If the domain is {0, 1,2, 3}, then
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Exercise

Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:
@ If the domain is {0, 1,2, 3}, then
Jz P(z)=P(0)VP()VP(2)VP(3)= (02>10)V (12> 10) vV
(22 >10) v (32 > 10) = (0> 10) V(1 > 10) V (4 > 10) V (9 > 10) = F.
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Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (3)

Exercise

Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:

Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:
@ If the domain is {0, 1,2, 3}, then
Jz P(z)=P(0)VP()VP(2)VP(3)= (02>10)V (12> 10) vV
(22 >10) v (32 > 10) = (0> 10) V(1 > 10) V (4 > 10) V (9 > 10) = F.
@ If the domain is {1,2,3,4}, then
Jz P(zx)=P(1)VP(2)VP(3)VP(4) =
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Exercise

Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
the truth value of 3z P () if the domain is:
Q the set {0,1,2,3}
Q the set {1,2,3,4}
Solution:
@ If the domain is {0, 1,2, 3}, then
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(22 >10) v (32 > 10) = (0> 10) V(1 > 10) V (4 > 10) V (9 > 10) = F.
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Jz P(z)=P(1)VP((2)VP(3)VP(4)= (12 >10) Vv (22> 10) v
(32 >10) v (4% > 10) =
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Truth of Formulas with Single Quantifier (3)

Exercise

Let 3z P (x) be a formula where P () is the statement “z® > 10". Determine
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Q the set {0,1,2,3}
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Solution:
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MZI (SoC Tel-U) Predicate Logic 2 October 2023

8/ 44



Truth of Formulas with Single Quantifier

Truth of Formulas with Single Quantifier (4)

Exercise

Let 3z P (x) be a formula where P (z) is the statement “1 > z”. Determine the
truth value of 3z P () if the domain is:

Q the set {2,3,4}
Q the set of integers Z =1{...,—-2,—-1,0,1,2,...}
© the set of real numbers R

Solution:
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Let 3z P (x) be a formula where P (z) is the statement “1 > z”. Determine the
truth value of 3z P () if the domain is:

Q the set {2,3,4}
Q the set of integers Z =1{...,—-2,—-1,0,1,2,...}
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Let 3z P (x) be a formula where P (z) is the statement “1 > z”. Determine the
truth value of 3z P () if the domain is:

Q the set {2,3,4}
Q the set of integers Z =1{...,—-2,—-1,0,1,2,...}
@ the set of real numbers R
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Let 3z P (x) be a formula where P (z) is the statement “1 > z”. Determine the
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Q the set of integers Z =1{...,—-2,—-1,0,1,2,...}
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Solution:

Q If the domain is D = {2, 3,4}, then we have
Jz P(x)=P@2)VPB)VPA)=(1>2)v($=23)v(i=>4) =F.
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Exercise

Let 3z P (x) be a formula where P (z) is the statement “1 > z”. Determine the
truth value of 3z P () if the domain is:

Q the set {2,3,4}
Q the set of integers Z =1{...,—-2,—-1,0,1,2,...}
© the set of real numbers R

Solution:

Q If the domain is D = {2, 3,4}, then we have
Jz P(x)=P@2)VPB)VPA)=(1>2)v($=23)v(i=>4) =F.

Q |If the domain is Z, then we have 1 € Z and % > 1. Therefore 3z P (z) =T
over the domain Z.

@ If the domain is R, then we have 1 € R and T > 1. Therefore 3z P (z) = T
over the domain R.
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Truth of Formulas with Two/ More Quantifiers

Truth of Formulas with Two/ More Quantifiers

| true when. ..

false when. ..

VaVy P (z,y) || P(z,y) is true for
Yyvx P (x,y) || every pair z,y

P (z,y) is false for
at least one pair x,y

Vady P (x,y) || For every x, thereis a y
for which P (z,y) is true

There is an x such that
P (z,y) is false for every y

JxVy P (z,y) || Thereis an z such that
P (z,y) is true for every y

For every x, there is y
for which P (z,y) is false

Jz3y P (z,y) || P (z,y) is true for
Jy3x P (z,y) || at least one pair =,y

P (z,vy) is false for
every pair x,y

Recall that Vz3y P (z,y) is not equivalent to JyVz P (z,y).
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Truth of Formulas with Two/ More Quantifiers

The truth of Vz3y P(x,y) and J2Vy P(x,y)

Suppose P (x,y) is a binary predicate which is evaluated in a domain D = {a, b},
then

o Vzdy P (z,y) =
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The truth of Vady P(z,y) and JzVy P(x,y)

Suppose P (x,y) is a binary predicate which is evaluated in a domain D = {a, b},
then

o VaIy P (z,y) =Vz (P(z,a)V P(x,b)) =

MZI (SoC Tel-U) Predicate Logic 2 October 2023 12 / 44



The truth of Vady P(z,y) and JzVy P(x,y)

Suppose P (x,y) is a binary predicate which is evaluated in a domain D = {a, b},

then
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The truth of Vady P(z,y) and JzVy P(x,y)

Suppose P (x,y) is a binary predicate which is evaluated in a domain D = {a, b},
then

o VzIy P(z,y) =Vz (P(z,a)V ( b

(P(a,a)V P (a,b)) A (P (b,a)V P (b

o JaVy P (z,y) = Iz (P (z,a) AP (z,b

)
b)

)

~—
11 Il
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The truth of Vady P(z,y) and JzVy P(x,y)

Suppose P (x,y) is a binary predicate which is evaluated in a domain D = {a, b},
then

(P(z,a)V P (z,b
) A (P (b,a) V P (b,
(P (
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Truth of Formulas with Two/ More Quantifiers

In general, if the domain D is finite, e.g., suppose D = {ay,az,...,a,}, then

Vaedy P(xz,y) =
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Truth of Formulas with Two/ More Quantifiers

In general, if the domain D is finite, e.g., suppose D = {ay,az,...,a,}, then

Vady P(z,y) = (P(a,a1)V Par,a2) V-V P(ar,an))
A (P (az,a1) V P(ag,a2) V-V P(ag,ay))
A N(P(an,a1)V P(an,a2) V-V P (an,ay))
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Truth of Formulas with Two/ More Quantifiers

In general, if the domain D is finite, e.g., suppose D = {ay,az,...,a,}, then

Vady P(z,y) = (P(a,a1)V Par,a2) V-V P(ar,an))
A (P (az,a1) V P(ag,a2) V-V P(ag,ay))
A N(P(an,a1)V P(an,a2) V-V P (an,ay))

/\ \/ P(aiaaj)

i=1j=1

and

JaVy P (z,y) =

MZI (SoC Tel-U) Predicate Logic 2 October 2023 13 / 44



Truth of Formulas with Two/ More Quantifiers

In general, if the domain D is finite, e.g., suppose D = {ay,az,...,a,}, then

Vady P(z,y) = (P(a,a1)V Par,a2) V-V P(ar,an))
A (P (az,a1) V P(ag,a2) V-V P(ag,ay))
A N(P(an,a1)V P(an,a2) V-V P (an,ay))

/\ \/ P(aiaaj)

i=1j=1

and
Javy P(z,y) = (P(a,a1) AP (ar,a2) A+ A P(ar,an))

V(P (ag,a1) A P (ag,a2) A+ A P(az,a))
VooV (P(apn,a1) A P(an,a2) N+ AP (ap,an))
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Truth of Formulas with Two/ More Quantifiers

In general, if the domain D is finite, e.g., suppose D = {ay,az,...,a,}, then

Vady P(z,y) = (P(a,a1)V Par,a2) V-V P(ar,an))
A (P (az,a1) V P(ag,a2) V-V P(ag,ay))
A N(P(an,a1)V P(an,a2) V-V P (an,ay))
= /\ \/ P(ai,aj)
i=1j=1
and
Javy P(z,y) = (P(a1,a1) AP(ar,az) A--- A P(ay,an))
V(P (ag,a1) A P (ag,a2) A+ A P(az,a))
VooV (P(ap,a1) AP (an,a2) A+ AP (an,ay))
= \/ /\ P(ai,aj)
i=1j=1
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[llustrations of Formulas with Two Quantifiers

Suppose Likes (x,y) is a binary predicate over the domain

Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means:
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[llustrations of Formulas with Two Quantifiers

Suppose Likes (z,y) is a binary predicate over the domain
Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”

@ Vx Likes (x, burger) means:
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Suppose Likes (z,y) is a binary predicate over the domain
Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and

Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

@ Likes (Alex, pizza) means: “Alex likes pizza”
@ Vz Likes (x, burger) means: “everyone likes burger”
@ 3y Likes (Benny, y) means:
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[llustrations of Formulas with Two Quantifiers

Suppose Likes (z,y) is a binary predicate over the domain

Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”
@ Vz Likes (x, burger) means: “everyone likes burger”

@ 3y Likes (Benny,y) means: "Benny likes some food”
@ VzVy Likes (z,y) means:
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Truth of Formulas with Two/ More Quantifiers

[llustrations of Formulas with Two Quantifiers

Suppose Likes (z,y) is a binary predicate over the domain

Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”

@ Vz Likes (x, burger) means: “everyone likes burger”
@ 3y Likes (Benny,y) means: "Benny likes some food”
@ VzVy Likes (x,y) means: “everyone likes every food”
@ Vz3dy Likes (z,y) means:
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Truth of Formulas with Two/ More Quantifiers

[llustrations of Formulas with Two Quantifiers

Suppose Likes (x,y) is a binary predicate over the domain
Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”

@ Vz Likes (x, burger) means: “everyone likes burger”

@ 3y Likes (Benny,y) means: "Benny likes some food”

@ VzVy Likes (x,y) means: “everyone likes every food”

@ Vz3y Likes (x,y) means: “everyone likes some food” or “everyone has a
favorite food”

@ Vy3x Likes (z,y) means:
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Truth of Formulas with Two/ More Quantifiers

[llustrations of Formulas with Two Quantifiers

Suppose Likes (x,y) is a binary predicate over the domain
Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”

@ Vz Likes (x, burger) means: “everyone likes burger”

@ 3y Likes (Benny,y) means: "Benny likes some food”

@ VzVy Likes (x,y) means: “everyone likes every food”

@ Vz3y Likes (x,y) means: “everyone likes some food” or “everyone has a
favorite food”

@ Vy3x Likes (z,y) means: “for every food, there is someone who likes it” or
“every food is liked by someone”

@ JzVy Likes (z,y) means:
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Truth of Formulas with Two/ More Quantifiers

[llustrations of Formulas with Two Quantifiers

Suppose Likes (x,y) is a binary predicate over the domain
Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”

@ Vz Likes (x, burger) means: “everyone likes burger”

@ 3y Likes (Benny,y) means: "Benny likes some food”

@ VzVy Likes (x,y) means: “everyone likes every food”

@ Vz3y Likes (x,y) means: “everyone likes some food” or “everyone has a
favorite food”

@ Vy3x Likes (z,y) means: “for every food, there is someone who likes it” or
“every food is liked by someone”

@ JzVy Likes (x,y) means: “someone likes every food"

@ JyVz Likes (z,y) means:
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Truth of Formulas with Two/ More Quantifiers

[llustrations of Formulas with Two Quantifiers

Suppose Likes (x,y) is a binary predicate over the domain
Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”

@ Vz Likes (x, burger) means: “everyone likes burger”

@ 3y Likes (Benny,y) means: "Benny likes some food”

@ VzVy Likes (x,y) means: “everyone likes every food”

@ Vz3y Likes (x,y) means: “everyone likes some food” or “everyone has a
favorite food”

@ Vy3x Likes (z,y) means: “for every food, there is someone who likes it” or
“every food is liked by someone”

@ JzVy Likes (x,y) means: “someone likes every food"

@ JyVz Likes (z,y) means: “there is a food which is liked by everyone” or
“there is a common favorite food which is liked by everyone”

@ 3Jx3y Likes (z,y) means:
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Truth of Formulas with Two/ More Quantifiers

[llustrations of Formulas with Two Quantifiers

Suppose Likes (x,y) is a binary predicate over the domain
Dy x Dy ={(z,y) | * € D1,y € D2}, where D; = {z | x is a student} and
Dy ={y | yis afood}. Predicate Likes (z,y) means “(student) z likes (food)
y". Observe that:

Q Likes (Alex, pizza) means: “Alex likes pizza”

@ Vz Likes (x, burger) means: “everyone likes burger”

@ 3y Likes (Benny,y) means: "Benny likes some food”

@ VzVy Likes (x,y) means: “everyone likes every food”

@ Vz3y Likes (x,y) means: “everyone likes some food” or “everyone has a
favorite food”

@ Vy3x Likes (z,y) means: “for every food, there is someone who likes it” or
“every food is liked by someone”

@ JzVy Likes (x,y) means: “someone likes every food"

@ JyVz Likes (z,y) means: “there is a food which is liked by everyone” or
“there is a common favorite food which is liked by everyone”

@ Jx3Jy Likes (z,y) means: “someone likes a food".
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Truth of Formulas with Two/ More Quantifiers

Determining the truth of quantified formulas

Exercise

Determine the truth value of the following predicate formulas if the domain is the
set of all real numbers (the set R):

Q VaVy P (x,y), where P (z,y) is the statement “z +y =y + «"
Q VzIdy (z+y=0).

Q@ Iz (z+y=0).

Q VzVydz (x+y = 2).

Q IVaVy (x+y = =z).

Solution:
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Truth of Formulas with Two/ More Quantifiers

Determining the truth of quantified formulas

Exercise

Determine the truth value of the following predicate formulas if the domain is the
set of all real numbers (the set R):

Q VaVy P (x,y), where P (z,y) is the statement “z +y =y + «"
Q VzIdy (z+y=0).

Q@ Iz (z+y=0).

Q VzVydz (x+y = 2).

Q IVaVy (x+y = =z).

Solution:

Q If P(x,y) is the statement "z +y =y + ", then VzVy P (z,y) means
“r 4+ y =y + x for all real numbers x and y".

MZI (SoC Tel-U) Predicate Logic 2 October 2023 15 / 44



Truth of Formulas with Two/ More Quantifiers

Determining the truth of quantified formulas

Exercise
Determine the truth value of the following predicate formulas if the domain is the
set of all real numbers (the set R):

Q VaVy P (x,y), where P (z,y) is the statement “z +y =y + «"

Q VzIdy (z+y=0).

Q@ Iz (z+y=0).

Q VzVydz (x+y = 2).

Q IVaVy (x+y = =z).

Solution:

Q If P(x,y) is the statement "z +y =y + ", then VzVy P (z,y) means
“r 4+ y =y + x for all real numbers x and 3". According to the commutative
law for real numbers addition, we have
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Truth of Formulas with Two/ More Quantifiers

Determining the truth of quantified formulas

Exercise
Determine the truth value of the following predicate formulas if the domain is the
set of all real numbers (the set R):

Q VaVy P (x,y), where P (z,y) is the statement “z +y =y + «"

Q VzIdy (z+y=0).

Q@ Iz (z+y=0).

Q VzVydz (x+y = 2).

Q IVaVy (x+y = =z).

Solution:

Q If P(x,y) is the statement "z +y =y + ", then VzVy P (z,y) means
“r 4+ y =y + x for all real numbers x and 3". According to the commutative
law for real numbers addition, we have VaVy P (z,y) = T.
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Truth of Formulas with Two/ More Quantifiers

Q VzIy (z+y =0) means
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that x +y = 0".
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x+y=0"is true.
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x4y =0"is true. Therefore Y23y (z +y=0)=T.

Q@ IyVz (z+y =0) means
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x4y =0"is true. Therefore Y23y (z +y=0)=T.

Q@ JyVz (z+y = 0) means “there exists a real number y for which any value
of z satisfies x +y = 0".
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x4y =0"is true. Therefore Y23y (z +y=0)=T.

@ JyVx (x4 y = 0) means “there exists a real number y for which any value
of x satisfies © +y = 0". Suppose that there is a real number y which
satisfies this condition, then we have 1 4+ y =0 and 2 + y = 0 (because z is
arbitrary, we may choose x =1 and =z = 2).
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x4y =0"is true. Therefore Y23y (z +y=0)=T.

@ JyVx (x4 y = 0) means “there exists a real number y for which any value
of x satisfies © +y = 0". Suppose that there is a real number y which
satisfies this condition, then we have 1 4+ y =0 and 2 + y = 0 (because z is
arbitrary, we may choose =1 and = = 2). Therefore

14y = 24y, so
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x4y =0"is true. Therefore Y23y (z +y=0)=T.

@ JyVx (x4 y = 0) means “there exists a real number y for which any value
of x satisfies © +y = 0". Suppose that there is a real number y which
satisfies this condition, then we have 1 4+ y =0 and 2 + y = 0 (because z is
arbitrary, we may choose =1 and = = 2). Therefore

14y = 24y, so
1 = 2, which is a contradiction.
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x4y =0"is true. Therefore Y23y (z +y=0)=T.

@ JyVx (x4 y = 0) means “there exists a real number y for which any value
of x satisfies © +y = 0". Suppose that there is a real number y which
satisfies this condition, then we have 1 4+ y =0 and 2 + y = 0 (because z is
arbitrary, we may choose =1 and = = 2). Therefore

14y = 24y, so
1 = 2, which is a contradiction.

As a result there is no real number y such that « + y = 0 for any value of z.
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Truth of Formulas with Two/ More Quantifiers

@ VzIy (z+y =0) means “for every real number z, there exists a real
number y such that  + y = 0”. Observe that, by choosing y = —x for any
given value of x, we have z + (—z) = 0. In other words the statement “for
every real number z, there exists a real number y (that is, y = —x) such that
x4y =0"is true. Therefore Y23y (z +y=0)=T.

@ JyVx (x4 y = 0) means “there exists a real number y for which any value
of x satisfies © +y = 0". Suppose that there is a real number y which
satisfies this condition, then we have 1 4+ y =0 and 2 + y = 0 (because z is
arbitrary, we may choose =1 and = = 2). Therefore

14y = 24y, so
1 = 2, which is a contradiction.

As a result there is no real number y such that « + y = 0 for any value of z.
In other words JyVz (x4 y =0)=F.
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Truth of Formulas with Two/ More Quantifiers

Q VaVydz (x + y = z) means
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Truth of Formulas with Two/ More Quantifiers

Q VaVy3z (x + y = z) means “for every pair of real numbers z and y, there is
a real number z such that z +y = 2".

MZI (SoC Tel-U) Predicate Logic 2 October 2023 17 / 44



Truth of Formulas with Two/ More Quantifiers

Q VaVy3z (x + y = z) means “for every pair of real numbers z and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is = + y,
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Truth of Formulas with Two/ More Quantifiers

Q VaVy3z (x + y = z) means “for every pair of real numbers z and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is z + y, then
we have “for every pair of real numbers x and y, there is a real number z
(that is, z = = + y) such that = +y = 2", is true.
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Truth of Formulas with Two/ More Quantifiers

Q VaVy3z (x + y = z) means “for every pair of real numbers z and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is z + y, then
we have “for every pair of real numbers x and y, there is a real number z
(that is, z =  + y) such that = +y = 2", is true. Therefore
VaVydz (z+y=2)=T.

Q@ IzVaVy (x +y = z) means
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Truth of Formulas with Two/ More Quantifiers

Q VaVy3z (x + y = z) means “for every pair of real numbers z and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is z + y, then
we have “for every pair of real numbers x and y, there is a real number z
(that is, z =  + y) such that = +y = 2", is true. Therefore
VaVydz (z+y=2)=T.

Q I2VaVy (x4 y = z) means “there exists a real number z such that any pair
of real numbers x and y satisfies z + y = 2".
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Truth of Formulas with Two/ More Quantifiers

@ VzVy3dz (x4 y = z) means “for every pair of real numbers x and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is z + y, then
we have “for every pair of real numbers x and y, there is a real number z
(that is, z =  + y) such that = +y = 2", is true. Therefore
VaVydz (z+y=2)=T.

Q I2VaVy (x4 y = z) means “there exists a real number z such that any pair
of real numbers x and y satisfies = 4+ y = 2. Suppose that there is a real
number z which satisfies this condition, then we have 1 + 2 = z and
2 + 3 = z (because x and y are arbitrary, we may choose (1,2) as the first
pair and (2, 3) as the second pair).
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Truth of Formulas with Two/ More Quantifiers

@ VzVy3dz (x4 y = z) means “for every pair of real numbers x and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is z + y, then
we have “for every pair of real numbers x and y, there is a real number z
(that is, z =  + y) such that = +y = 2", is true. Therefore
VaVydz (z+y=2)=T.

Q I2VaVy (x4 y = z) means “there exists a real number z such that any pair
of real numbers x and y satisfies = 4+ y = 2. Suppose that there is a real
number z which satisfies this condition, then we have 1 + 2 = z and
2 + 3 = z (because x and y are arbitrary, we may choose (1,2) as the first
pair and (2, 3) as the second pair). Therefore

z = 3 and z = 5, which is a contradiction.
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Truth of Formulas with Two/ More Quantifiers

@ VzVy3dz (x4 y = z) means “for every pair of real numbers x and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is z + y, then
we have “for every pair of real numbers x and y, there is a real number z
(that is, z =  + y) such that = +y = 2", is true. Therefore
VaVydz (z+y=2)=T.

Q I2VaVy (x4 y = z) means “there exists a real number z such that any pair
of real numbers x and y satisfies = 4+ y = 2. Suppose that there is a real
number z which satisfies this condition, then we have 1 + 2 = z and
2 + 3 = z (because x and y are arbitrary, we may choose (1,2) as the first
pair and (2, 3) as the second pair). Therefore

z = 3 and z = 5, which is a contradiction.

As a result, there is no real number z such that z + y = z for any pair of real
numbers z and y.
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Truth of Formulas with Two/ More Quantifiers

@ VzVy3dz (x4 y = z) means “for every pair of real numbers x and y, there is
a real number z such that z + y = 2z”. According to the property of real
number addition, that is: if  and y are real numbers, then so is z + y, then
we have “for every pair of real numbers x and y, there is a real number z
(that is, z =  + y) such that = +y = 2", is true. Therefore
VaVydz (z+y=2)=T.

Q I2VaVy (x4 y = z) means “there exists a real number z such that any pair
of real numbers x and y satisfies = 4+ y = 2. Suppose that there is a real
number z which satisfies this condition, then we have 1 + 2 = z and
2 + 3 = z (because x and y are arbitrary, we may choose (1,2) as the first
pair and (2, 3) as the second pair). Therefore

z = 3 and z = 5, which is a contradiction.

As a result, there is no real number z such that z + y = z for any pair of real
numbers x and y. In other words 32VaVy (v 4y =z) =F.
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Interpretation and Semantics of Predicate Formulas (Supplementary)

Closed Formula

Closed Formula

A predicate formula is a closed formula if all variables occur in that formula are
bounded. For example, if P is a binary predicate, x and y are variables, and a and
b are concrete elements in the observed domain, then the formulas Vz3y P (z,vy),
Vz P (x,b), and P (a,b) are closed formulas, while Vo P (x,y), P (x,b), and

P (a,y) are not closed formulas.

Interpretation

An interpretation for a predicate formula is an assignment of truth for that

formula. Unlike propositional formulas, interpretation for predicate formulas
depends on the domain or universe of discourse. Interpretations or the truth
values of predicate formulas are only defined for closed formula.
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Variable Substitution

Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

o Az « 0] is the formula



Variable Substitution

Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

o Az « 0] is the formula “2(0) < 5", and A [z « 2] is the formula



Variable Substitution

Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

o Az « 0] is the formula “2(0) < 5", and A [z « 2] is the formula
2(2) <5

e By « 1] is the formula



Variable Substitution

Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

o Az « 0] is the formula “2(0) < 5", and A [z « 2] is the formula
2(2) <5

o B[y — 1] is the formula “(1)* > 2", and B[y < 2] is the formula



Variable Substitution

Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

° A [z « 0] is the formula “2(0) < 5", and A [z « 2] is the formula
2(2) <5
o By« 1] is the formula “(1)*> > 2", and By « 2] is the formula “(2)* > 2"
o Aly < 1] is the formula



Variable Substitution

Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

° A [z « 0] is the formula “2(0) < 5", and A [z « 2] is the formula
2(2) <5
o B[y — 1] is the formula “(1)* > 2", and B[y « 2] is the formula “(2)*> > 2"
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Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.
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{0,1,2}, then we have
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Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

° A [z « 0] is the formula “2(0) < 5", and A [z « 2] is the formula
2(2) <5
B[y « 1] is the formula “(1)> > 2", and B[y « 2] is the formula “(2)* > 2"
Aly < 1] is the formula “2z < 5", and A [y < 2] is the formula "2z < 5"
Bz « 0] is the formula “y? > 2", and B [z « 1] is the formula



Variable Substitution

Variable Substitution

Let A be a predicate formula which is observed in the domain D and let d € D be
a concrete element in D. The notation A [z < d] means a formula which is
obtained from replacing all occurrence of x by d in formula A.

Example

Suppose A is a formula “2z < 5" and B is a formula “y? > 2". If the domain is
{0,1,2}, then we have

° A [z « 0] is the formula “2(0) < 5", and A [z « 2] is the formula
2(2) <5
By « 1] is the formula “(1)* > 2", and B[y < 2] is the formula “(2)* > 2"
Aly < 1] is the formula “2z < 5", and A [y < 2] is the formula "2z < 5"
Bz « 0] is the formula “y? > 2", and B [z « 1] is the formula “y? > 2"



Interpretation and Semantics of Predicate Formulas (Supplementary)

Interpretation and Its Notation

Suppose D is a domain and A is a predicate formula, the notation Zp (A) denotes
the interpretation of formula A over the domain D. The notation Zp (4) =T
means formula A is interpreted to true by interpretation Z over the domain D,
while Zp (A) = F means formula A is interpreted to false by interpretation Z over
the domain D.
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Interpretation and Semantics of Predicate Formulas (Supplementary)

Semantics Rules of Predicate Formulas

Semantics Rules of Predicate Formulas

Suppose A is a formula, D is the domain (universe of discourse), and Z is an
interpretation which is well-defined for every atomic proposition occurring in A.
The interpretation of A is defined as follows:
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Interpretation and Semantics of Predicate Formulas (Supplementary)

Semantics Rules of Predicate Formulas

Semantics Rules of Predicate Formulas

Suppose A is a formula, D is the domain (universe of discourse), and Z is an
interpretation which is well-defined for every atomic proposition occurring in A.
The interpretation of A is defined as follows:

o If A= P(dy,ds,...,d,) for d; (1 <i<n) in the domain, then
Ip(A)=Ip (P (dy,da,...,d,)) =T if there is a relation among
dy,ds,...,d, which leads to true according to the definition of predicate P.
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Interpretation and Semantics of Predicate Formulas (Supplementary)

Semantics Rules of Predicate Formulas

Semantics Rules of Predicate Formulas

Suppose A is a formula, D is the domain (universe of discourse), and Z is an
interpretation which is well-defined for every atomic proposition occurring in A.
The interpretation of A is defined as follows:

o If A= P(dy,ds,...,d,) for d; (1 <i<n) in the domain, then
Ip(A)=Ip (P (dy,da,...,d,)) =T if there is a relation among
dy,ds,...,d, which leads to true according to the definition of predicate P.

o If A=T, then Zp (A) =Zp (T) = T. Analogously, if A =F, then
Ip(A)=1Ip(F)=F.
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Interpretation and Semantics of Predicate Formulas (Supplementary)

Semantics Rules of Predicate Formulas

Semantics Rules of Predicate Formulas

Suppose A is a formula, D is the domain (universe of discourse), and Z is an
interpretation which is well-defined for every atomic proposition occurring in A.
The interpretation of A is defined as follows:

o If A= P(dy,ds,...,d,) for d; (1 <i<n) in the domain, then
Ip(A)=Ip (P (dy,da,...,d,)) =T if there is a relation among
dy,ds,...,d, which leads to true according to the definition of predicate P.

o If A=T, then Zp (A) =Zp (T) = T. Analogously, if A =F, then
Ip(A)=Ip (F)=F.

o If A=Vx B for some formula B, then Zp (A) =Zp (Vo B) =T if
Ip (Blx < d]) =T for all d in the domain D.
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Interpretation and Semantics of Predicate Formulas (Supplementary)

Semantics Rules of Predicate Formulas

Semantics Rules of Predicate Formulas

Suppose A is a formula, D is the domain (universe of discourse), and Z is an
interpretation which is well-defined for every atomic proposition occurring in A.
The interpretation of A is defined as follows:

o If A= P(dy,ds,...,d,) for d; (1 <i<n) in the domain, then
Ip(A)=Ip (P (dy,da,...,d,)) =T if there is a relation among
dy,ds,...,d, which leads to true according to the definition of predicate P.

o If A=T, then Zp (A) =Zp (T) = T. Analogously, if A =F, then
Ip(A)=Ip (F)=F.

o If A=Vx B for some formula B, then Zp (A) =Zp (Vo B) =T if
Ip (Blx < d]) =T for all d in the domain D.

o If A =3z B for some formula B, then Zp (A) =Zp (3z B) =T if
Ip (B[x « d]) =T for some d in the domain D.
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Interpretation and Semantics of Predicate Formulas (Supplementary)

o If A= —B, for some formula B, then

TW=TCB)=-T(6)={ | (73 1
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Interpretation and Semantics of Predicate Formulas (Supplementary)

o If A= —B, for some formula B, then

I(A)I(ﬁB)ﬂI(B){ E ::%Eg;:g .

o If A= B AC, for some formulas B and C, then

1w =r@n0-r@ e AT
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Interpretation and Semantics of Predicate Formulas (Supplementary)

o If A= —B, for some formula B, then

I(A)I(ﬁB)ﬂI(B){ E ::%Eg;:g .

o If A= B AC, for some formulas B and C, then
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o If A= BV (C, for some formulas B and C, then
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Interpretation and Semantics of Predicate Formulas (Supplementary)

o If A= —B, for some formula B, then

I(A)I(ﬁB)ﬂI(B){ E ::%Eg;:g .

o If A= B AC, for some formulas B and C, then

0 -2010 1080 EETTOT

o If A= BV (C, for some formulas B and C, then

1 =200 200 § AT

o If A= B & C, for some formulas B and C, then

z(A):z(B@C)=I(B)@I(C)={ g,' :gﬁgifﬁ% '

MZI (SoC Tel-U) Predicate Logic 2 October 2023 23 / 44



Interpretation and Semantics of Predicate Formulas (Supplementary)

o If A= —B, for some formula B, then

I(A)I(ﬁB)ﬂI(B){ 5 ::%Eg;:g .

o If A= B AC, for some formulas B and C, then

0 -2010 1080 EETTOT

o If A= BV (C, for some formulas B and C, then

1 =200 200 § AT

o If A= B & C, for some formulas B and C, then

z(A):z(B@C)=I(B)@I(C)={ g,' :g%iﬁgg '

o If A= B — C, for some formulas B and C, then Z(A)=Z (B — C) =

[ F, fI(B)=TbutZ(C)=F
I(B)—-I(C)= { T, otherwise :
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o If A= —B, for some formula B, then

I(A)I(ﬁB)ﬂI(B){ 5 ::%Eg;:g .

o If A= B AC, for some formulas B and C, then

0 -2010 1080 EETTOT

o If A= BV (C, for some formulas B and C, then

1 =200 200 § AT

o If A= B & C, for some formulas B and C, then

z(A):z(B@C)=I(B)@I(C)={ g,' :?%Egifﬁg? '

o If A= B — C, for some formulas B and C, then Z(A)=Z (B — C) =

[ F, fI(B)=TbutZ(C)=F
I(B)—-I(C)= { T, otherwise :

o If A= B < C, for some formulas B and C, then

I(A):I(BHC):I(B)HI(C):{ g :ggg;;ggg; :
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Intuitive Semantics of Predicate Formulas

Intuitive Semantics of Predicate Formulas

Exercise

Suppose P (z) “z is odd” and @ (z) : “x is even” are two predicate over integers

domain, Z=1{...,—2,—1,0,1,2,...}. Determine the truth value for each of
these formulas:

0 vz (P(z)VQ(z))
Q VaP (z)VVzQ (z)
Q 3z (P(z) AQ(2))
Q@ JzP (z) A FzQ (z)
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Intuitive Semantics of Predicate Formulas

Number 1.
Vo (P(z)VQ (x)) means:
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Number 1.
Vo (P(z)VQ (x)) means:
e “for every x itis P (x) or Q (z)".

@ Or “for every integer x, x is odd or x is even".

Suppose ¢ is an arbitrary integers in Z, then either P(¢) =T or Q(¢) =T
but not both.
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e “for every x itis P (x) or Q (z)".
@ Or “for every integer x, x is odd or x is even".

Suppose ¢ is an arbitrary integers in Z, then either P(¢) =T or Q(¢) =T
but not both.
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Number 1.
Vo (P (z)V Q (x)) means:
e “for every x itis P (x) or Q (z)".

@ Or “for every integer x, x is odd or x is even".

@ Suppose ¢ is an arbitrary integers in Z, then either P(c) =T or Q(¢) =T
but not both.
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Intuitive Semantics of Predicate Formulas

Number 1.
Vo (P (z)V Q (x)) means:
e “for every x itis P (x) or Q (z)".

@ Or “for every integer x, x is odd or x is even".

@ Suppose ¢ is an arbitrary integers in Z, then either P(c) =T or Q(¢) =T
but not both.

o Therefore Vo (P (z) vV Q (z)) =T.

Number 2.

Vo P (z) VVzQ (x) means:
o “for every integer x it is P (x) or for every integer x it is Q (x)

o Or “every integer x is odd or every integer x is even”.

o We have VzP () = F because P (2) = F. We also have VzQ (z) = F
because Q (1) = F.

o Therefore Yz P (z) VVzQ (z) =
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Intuitive Semantics of Predicate Formulas

Number 1.
Vo (P (z)V Q (x)) means:
e “for every x itis P (x) or Q (z)".
@ Or “for every integer x, x is odd or x is even".

@ Suppose c is an arbitrary integers in Z, then either P(c) =T or Q (¢) =T
but not both.

o Therefore Vo (P(z)vVQ (z)) =T

Number 2.

VaP () V VxQ (z) means:
o “for every integer x it is P (x) or for every integer x it is Q (z)".
o Or “every integer x is odd or every integer x is even”.

o We have VzP () = F because P (2) = F. We also have VzQ (z) = F
because @ (1) = F.

o Therefore Vo P (z) VVzQ (z) = F
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Number 3.
Jz (P (x) A Q (x)) means:

MZI (SoC Tel-U) Predicate Logic 2 October 2023 27 / 44



Intuitive Semantics of Predicate Formulas

Number 3.
Jz (P (x) A Q (x)) means:

o “there is an integer = such that P (z) and @ ()"
o Or

MZI (SoC Tel-U) Predicate Logic 2 October 2023 27 / 44



Intuitive Semantics of Predicate Formulas

Number 3.
Jz (P (x) A Q (x)) means:

o “there is an integer = such that P (z) and Q ()"
@ Or “there is an integer x such that x is odd and z is even”.
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Number 3.
Jz (P (x) A Q (x)) means:
o “there is an integer = such that P (z) and @ ()"
@ Or “there is an integer x such that x is odd and z is even”.

@ Suppose c is an integer satisfying this criterion, then ¢ is simultaneously an
odd and an even integer.

@ Therefore, there is no ¢ € Z such that P (¢c) A Q (¢) =T, and thus
Jz (P(z) AQ () =
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Number 3.
Jz (P (x) A Q (x)) means:
o “there is an integer = such that P (z) and @ ()"
@ Or “there is an integer x such that x is odd and z is even”.

@ Suppose c is an integer satisfying this criterion, then ¢ is simultaneously an
odd and an even integer.

@ Therefore, there is no ¢ € Z such that P (¢c) A Q (¢) =T, and thus
Jz (P(x)AQ(z)) =F.

Number 4.
JzP (x) A FzQ (z) means:

o “there is an integer = such that P (z) and there is an integer x such that
Q(z)"

@ Or “there is an odd integer x and there is an even integer x".

o We have P (1) =
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Number 3.
Jz (P (x) A Q (x)) means:
o “there is an integer = such that P (z) and @ ()"
@ Or “there is an integer x such that x is odd and z is even”.

@ Suppose c is an integer satisfying this criterion, then ¢ is simultaneously an
odd and an even integer.

@ Therefore, there is no ¢ € Z such that P (¢c) A Q (¢) =T, and thus
Jz (P(x)AQ(z)) =F.

Number 4.
JzP (x) A FzQ (z) means:

o “there is an integer = such that P (z) and there is an integer x such that
Q(z)"

@ Or “there is an odd integer x and there is an even integer x".

o We have P(1) =T, so 3zP (z) =

MZI (SoC Tel-U) Predicate Logic 2 October 2023 27 / 44



Number 3.
Jz (P (x) A Q (x)) means:
o “there is an integer = such that P (z) and @ ()"
@ Or “there is an integer x such that x is odd and z is even”.

@ Suppose c is an integer satisfying this criterion, then ¢ is simultaneously an
odd and an even integer.

@ Therefore, there is no ¢ € Z such that P (¢c) A Q (¢) =T, and thus
Jz (P(x)AQ(z)) =F.

Number 4.
JzP (x) A FzQ (z) means:

o “there is an integer = such that P (z) and there is an integer x such that
Q(z)"

@ Or “there is an odd integer x and there is an even integer x".

o We have P (1) =T, so 3zP (x) = T. We also have Q (2) =
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Intuitive Semantics of Predicate Formulas

Number 3.
Jz (P (x) A Q (x)) means:
o “there is an integer = such that P (z) and Q ()"
@ Or “there is an integer x such that x is odd and z is even”.

@ Suppose c is an integer satisfying this criterion, then ¢ is simultaneously an
odd and an even integer.

@ Therefore, there is no ¢ € Z such that P (¢c) A Q (¢) =T, and thus
Jz (P(x)AQ(z)) =F.

Number 4.
JzP (x) A FzQ (z) means:

o “there is an integer = such that P (z) and there is an integer x such that
Q(z)"

@ Or “there is an odd integer x and there is an even integer x".

o We have P (1) =T, so 3zP (z) = T. We also have Q (2) =T, so
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Number 3.
Jz (P (x) A Q (x)) means:
o “there is an integer = such that P (z) and @ ()"
@ Or “there is an integer x such that x is odd and z is even”.

@ Suppose c is an integer satisfying this criterion, then ¢ is simultaneously an
odd and an even integer.

@ Therefore, there is no ¢ € Z such that P (¢c) A Q (¢) =T, and thus
Jz (P(x)AQ(z)) =F.

Number 4.
JzP (x) A FzQ (z) means:

o “there is an integer = such that P (z) and there is an integer x such that
Q(z)"

@ Or “there is an odd integer x and there is an even integer x".

o We have P (1) =T, so 3zP (z) = T. We also have Q (2) =T, so
J2Q () =T.

® Therefore Iz P (z) A JzQ (z) =
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Number 3.
Jz (P (x) A Q (x)) means:
o “there is an integer = such that P (z) and @ ()"
@ Or “there is an integer x such that x is odd and z is even”.

@ Suppose c is an integer satisfying this criterion, then ¢ is simultaneously an
odd and an even integer.

@ Therefore, there is no ¢ € Z such that P (¢c) A Q (¢) =T, and thus
Jz (P(x)AQ(z)) =F.

Number 4.
JzP (x) A FzQ (z) means:

o “there is an integer = such that P (z) and there is an integer x such that
Q(z)"

@ Or “there is an odd integer x and there is an even integer x".

o We have P (1) =T, so 3zP (z) = T. We also have Q (2) =T, so
J2Q () =T.

o Therefore Iz P () AJzQ (z) =T AT =T.
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Validity, Satisfiability, and Contradiction

Definition
Let A be a predicate formula
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Validity, Satisfiability, and Contradiction

Definition
Let A be a predicate formula

Q A is valid iff A is true (T) for any interpretation defined over any domain.
In this case, A is also called a tautology.
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Validity, Satisfiability, and Contradiction

Definition
Let A be a predicate formula

Q A is valid iff A is true (T) for any interpretation defined over any domain.
In this case, A is also called a tautology.

Q A is satisfiable iff there exists at least an interpretation Z and a domain
D which makes A is true (T).
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Validity, Satisfiability, and Contradiction

Definition
Let A be a predicate formula
Q A is valid iff A is true (T) for any interpretation defined over any domain.
In this case, A is also called a tautology.

Q A is satisfiable iff there exists at least an interpretation Z and a domain
D which makes A is true (T).

@ A is contradictory/ unsatisfiable iff A is false (F) for any interpretation
defined over any domain. In this case, A is also called a contradiction.
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Predicate Formulas Based on Their Semantics (Supplementary)

Validity, Satisfiability, and Contradiction

Definition
Let A be a predicate formula
Q A is valid iff A is true (T) for any interpretation defined over any domain.
In this case, A is also called a tautology.

Q A is satisfiable iff there exists at least an interpretation Z and a domain
D which makes A is true (T).

@ A is contradictory/ unsatisfiable iff A is false (F) for any interpretation
defined over any domain. In this case, A is also called a contradiction.

@ A is a contingency iff A is neither valid nor contradictory.

Unlike the validity, the satisfiability, and the contradictory in propositional logic,
proving the validity, the satisfiability, and the contradictory in predicate logic
cannot always be performed using truth table method.
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Proving Validity in Predicate Logic

Example

If P and @ are unary predicates, then Vz P (z) AVzQ (z) — Vz (P (2) AQ (x)) is
valid.
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@ Let Z be any interpretation and D be any domain.
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Proving Validity in Predicate Logic

Example

If P and @ are unary predicates, then Vz P (z) AVzQ (z) — Vz (P (2) AQ (x)) is
valid. We will prove that the truth of VzP (z) A V2@ (z) implies the truth of

Vo (P () AQ (x)).
@ Let Z be any interpretation and D be any domain.
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Proving Validity in Predicate Logic
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If P and @ are unary predicates, then Vz P (z) AVzQ (z) — Vz (P (2) AQ (x)) is
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valid. We will prove that the truth of VzP (z) A V2@ (z) implies the truth of
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@ Let Z be any interpretation and D be any domain.
@ Assume that Zp (VP (z) AVzQ (x)) = T, then we have Zp (VzP (z)) =T
and Zp (VzQ (z)) = T.
@ Let d be any element in D. According to no. 2, we have Zp (P (d)) =T and
Ip(Q(d) =T.
@ From no. 3 we have Zp (P (d) A Q (d)) =
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Proving Validity in Predicate Logic

Example
If P and @ are unary predicates, then Vz P (z) AVzQ (z) — Vz (P (2) AQ (x)) is
valid. We will prove that the truth of VzP (z) A V2@ (z) implies the truth of
Vo (P () AQ (x)).
@ Let Z be any interpretation and D be any domain.
@ Assume that Zp (VP (z) AVzQ (x)) = T, then we have Zp (VzP (z)) =T
and Zp (VzQ (z)) = T.
@ Let d be any element in D. According to no. 2, we have Zp (P (d)) =T and
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Proving Validity in Predicate Logic

Example

If P and @ are unary predicates, then Vz P (z) AVzQ (z) — Vz (P (2) AQ (x)) is
valid. We will prove that the truth of VzP (z) A V2@ (z) implies the truth of

Vz (P (z) A Q (2)).

Let Z be any interpretation and D be any domain.

Assume that Zp (VzP (z) AVxQ (z)) = T, then we have Zp (VaP (z)) =T
and Zp (VzQ (z)) = T.

Let d be any element in D. According to no. 2, we have Zp (P (d)) =T and
Ip(Q(d) =T.

From no. 3 we have Zp (P (d) AQ (d)) =Zp (P (d)) ANZIp (Q(d)) =T for
any element d € D.

Therefore Zp (Vz (P (z) AQ (z))) = T.

© © o0 o690
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Exercise
Prove that Vz (P (z) A Q (z)) — VaP (x) AVaQ (z) is valid.
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Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Vo P (x) — Jz—P (z) is a contradiction.

MZI (SoC Tel-U) Predicate Logic 2 October 2023 32/ 44



Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().
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Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.
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Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.
@ Assume that Zp (VzP (z)) =
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Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.
@ Assume that Zp (VzP (x)) = T, then we have Zp (P (d)) =
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Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.
@ Assume that Zp (VazP (x)) = T, then we have Zp (P (d)) =T for all d € D.
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Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.

@ Assume that Zp (VazP (x)) = T, then we have Zp (P (d)) =T for all d € D.
@ Suppose Zp (FJz—P (x)) =T, then
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Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.
@ Assume that Zp (VazP (x)) = T, then we have Zp (P (d)) =T for all d € D.

@ Suppose Zp (Jz—P (x)) = T, then there exists ¢ € D such that
Ip (=P (c)) =
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Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.
@ Assume that Zp (VazP (x)) = T, then we have Zp (P (d)) =T for all d € D.

@ Suppose Zp (Jz—P (x)) = T, then there exists ¢ € D such that
Ip (=P (c)) =T, orZp(P(c)) =
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Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.
@ Assume that Zp (VazP (x)) = T, then we have Zp (P (d)) =T for all d € D.

@ Suppose Zp (Jz—P (x)) = T, then there exists ¢ € D such that
Ip (=P (c))=T,orZp(P(c)) =F.
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Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example
If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Yz P (z) never leads to the truth of Jxz—P ().

© Let 7 be any interpretation and D be any domain.

@ Assume that Zp (VazP (x)) = T, then we have Zp (P (d)) =T for all d € D.

@ Suppose Zp (Jz—P (x)) = T, then there exists ¢ € D such that

Ip (=P (c))=T,orZp(P(c)) =F.
@ From no. 2 we also have Zp (P (¢)) =
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Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example
If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

© Let 7 be any interpretation and D be any domain.

@ Assume that Zp (VazP (x)) = T, then we have Zp (P (d)) =T for all d € D.

@ Suppose Zp (Jz—P (x)) = T, then there exists ¢ € D such that
Ip (=P (c))=T,orZp(P(c)) =F.

@ From no. 2 we also have Zp (P (¢)) = T (because d in no. 2 is arbitrary, we
may choose d = ¢).
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Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Yz P (z) never leads to the truth of Jxz—P ().

Let 7 be any interpretation and D be any domain.

Assume that Zp (VzP (z)) = T, then we have Zp (P (d)) =T for all d € D.

Suppose Zp (3z—P (x)) = T, then there exists ¢ € D such that
Ip (=P (c))=T,orZp(P(c)) =F.

From no. 2 we also have Zp (P (¢)) = T (because d in no. 2 is arbitrary, we
may choose d = ¢).

© © o000

The results in no. 3 and 4 are inconsistent, therefore there is no
interpretation Z and domain D such that Zp (V2P (z) — =P (z)) = T.
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Predicate Formulas Based on Their Semantics (Supplementary)

Proving Contradictory in Predicate Logic

Example

If P is a unary predicate, then Yz P (2) — Jz—P (z) is a contradiction. We will
prove that the truth of Y2 P (x) never leads to the truth of Jz—P ().

Let 7 be any interpretation and D be any domain.

Assume that Zp (VzP (z)) = T, then we have Zp (P (d)) =T for all d € D.
Suppose Zp (3z—P (x)) = T, then there exists ¢ € D such that

Ip (=P (c))=T,orZp(P(c)) =F.

From no. 2 we also have Zp (P (¢)) = T (because d in no. 2 is arbitrary, we
may choose d = ¢).

The results in no. 3 and 4 are inconsistent, therefore there is no
interpretation Z and domain D such that Zp (V2P (z) — =P (z)) = T.

No. 5 means VaP (x) — Jz—P (x) is a contradiction.

© 06 0 o000
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Exercise
Prove that 3z—P (x) — VzP () is a contradiction
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Logical Consequence and Logical Equivalence (Supplementary)

Logical Consequence and Logical Equivalence

Definition
Suppose A and B are two predicate formulas.
Formula A and B are (logically) equivalent if the formula

A+~ B

is a tautology. In this condition, we write A = B or A & B.
Formula B is said to be the (logical) consequence of A if the formula

A— B

is a tautology. In this condition, we write A = B.

Unlike in propositional logic, we cannot use truth table for proving the logical
consequence or logical equivalence between two predicate formulas.
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Logical Consequence and Logical Equivalence (Supplementary)

Examples of Logical Consequence and Logical Equivalence

Example

Let P and Q) be two unary predicates. Earlier in this slide, we've proved that
Vo P (z) AVzQ (x) — Vo (P (x) A Q (x)) is a tautology, therefore we have
VzP (z) AV2Q (z) = Vo (P (z) AQ (x))
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Examples of Logical Consequence and Logical Equivalence

Example

Let P and Q) be two unary predicates. Earlier in this slide, we've proved that
Vo P (z) AVzQ (x) — Vo (P (x) A Q (x)) is a tautology, therefore we have
VzP (z) AV2Q (z) = Vo (P (z) AQ (x))

In addition, we can also prove that Vz (P (z) A Q (z)) — VaP (z) AVzQ (z) is

also tautology (left as an exercise for the reader), then we have

Vo (P (z) AQ (x)) = VzP (z) AVzQ (x).
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Logical Consequence and Logical Equivalence (Supplementary)

Examples of Logical Consequence and Logical Equivalence

Example

Let P and Q) be two unary predicates. Earlier in this slide, we've proved that
Vo P (z) AVzQ (x) — Vo (P (x) A Q (x)) is a tautology, therefore we have
Vo P (z) AVzQ (z) = Vz (P (z) AQ (x))

In addition, we can also prove that Vz (P (z) A Q (z)) — VaP (z) AVzQ (z) is
also tautology (left as an exercise for the reader), then we have

Vo (P (z) AQ (x)) = VzP (z) AVzQ (x).

From these results we obtain V2P (z) AVzQ (z) < Vo (P (x) AQ (x)), or in
another notation Yz P (z) AVzQ (z) = Va (P (z) A Q (z)).
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Logical Consequence and Logical Equivalence (Supplementary)

Exercise

Prove that if P and @) are unary predicates, then
2P () V I2Q (z) = 3z (P (z) V Q (z)).

Solution:
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Logical Consequence and Logical Equivalence (Supplementary)

Exercise

Prove that if P and @) are unary predicates, then

2P () V I2Q (z) = 3z (P (z) V Q (z)).

Solution: We shall prove that 3z P (z) V 3zQ (z) = Jz (P (z) V Q (x)) and
Jz (P (z)VQ(x)) = JzP (x) vV IzQ ().
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Exercise

Prove that if P and @) are unary predicates, then
2P () V I2Q (z) = 3z (P (z) V Q (z)).

Solution: We shall prove that 3z P (z) V 32Q (x) = 3z (P (z) V Q (z)) and
Jz (P (z)VQ(x)) = JzP (x) vV IzQ ().

The prove of JzP (2) V J2Q (z) = 3z (P (z) V Q (z)) is left as an exercise for
the reader.
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Logical Consequence and Logical Equivalence (Supplementary)

Exercise

Prove that if P and @) are unary predicates, then
2P () V I2Q (z) = 3z (P (z) V Q (z)).

Solution: We shall prove that 3z P (z) V 32Q (x) = 3z (P (z) V Q (z)) and
Jz (P (z)VQ(x)) = JzP (x) vV IzQ ().

The prove of JzP (2) V J2Q (z) = 3z (P (z) V Q (z)) is left as an exercise for
the reader.

We shall show that 3z (P (z) vV Q (z)) = JzP (z) V 32Q (x), or in other words
Jz (P (z)VQ(x)) — JzP (x) vV IzQ () is valid,
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Logical Consequence and Logical Equivalence (Supplementary)

Exercise
Prove that if P and @) are unary predicates, then
2P () V I2Q (z) = 3z (P (z) V Q (z)).

Solution: We shall prove that 3z P (z) V 32Q (x) = 3z (P (z) V Q (z)) and
Jz (P (z)VQ(x)) = JzP (x) vV IzQ ().

The prove of JzP (2) V J2Q (z) = 3z (P (z) V Q (z)) is left as an exercise for
the reader.

We shall show that 3z (P (z) vV Q (z)) = JzP (z) V 32Q (x), or in other words
Jz (P (z)VQ(x)) — JxP (x) vV IzQ () is valid, by proving that the truth of
Jz (P (z) V Q (x)) implies the truth of 3z P (x) V JzQ (x).
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.
@ Suppose Zp (Fz (P (z) V Q (z))) =T, then
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.
@ Suppose Zp (Fz (P (z) V Q (z))) = T, then there exists d € D such that
Ip(P(d)VvQ(d) =
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Zp (Fz (P (z) V Q (z))) = T, then there exists d € D such that
Ip (P(d)VvQ(d)) =T. This means Ip (P (d)) =
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Zp (Fz (P (z) V Q (z))) = T, then there exists d € D such that
Ip (P(d)VvQ(d)) =T. This means Ip (P (d)) =T or Ip (Q (d)) =
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Zp (Fz (P (z) V Q (z))) = T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.
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Logical Consequence and Logical Equivalence (Supplementary)

@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Zp (Fz (P (z) V Q (z))) = T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.

Q IfIp (P (d)) =T, then Zp (FzP (z)) =
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Zp (Fz (P (z) V Q (z))) = T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.

Q@ IfZp (P (d)) =T, then Zp (3zP (x)) = T, so regardless the truth value of
Ip (3zQ (x)), we have
Ip (FzP (z) vV IzQ (z)) =
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.
@ Suppose Zp (Fz (P (z) V Q (z))) = T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.

Q@ IfZp (P (d)) =T, then Zp (3zP (x)) = T, so regardless the truth value of
Ip (3zQ (x)), we have
Ip (3zP (z)V 32Q (z)) = Ip (3zP (z)) V Ip (3zQ (z)) = T.
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Logical Consequence and Logical Equivalence (Supplementary)

@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Ip (3z (P (z) V Q (z))) =T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.

Q@ IfZp (P (d)) =T, then Zp (3zP (x)) = T, so regardless the truth value of
Ip (3zQ (x)), we have
Ip (FzP (z) vV IzQ (z)) =Zp (FzP (z)) VIp (FzQ (x)) = T.

Q Similarly, if Zp (Q (d)) =T, then Zp (32Q (z)) =
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Ip (3z (P (z) V Q (z))) =T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.

Q@ IfZp (P (d)) =T, then Zp (3zP (x)) = T, so regardless the truth value of
Ip (3zQ (x)), we have
Ip (FxP (x) vV I2Q (z)) =Ip (3zP (x)) VIp (F2Q (x)) =

@ Similarly, if Zp (Q (d)) = T, then Zp (FzQ (z)) = T, so regardless the truth
value of Zp (FzP (z)), we have

Ip (FzP (x) vV IzQ (z)) =
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@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.

@ Suppose Ip (3z (P (z) V Q (z))) =T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.

Q@ IfZp (P (d)) =T, then Zp (3zP (x)) = T, so regardless the truth value of
Ip (3zQ (x)), we have
Ip (FxP (x) vV IzQ (z)) =Ip (3zP (x)) VIp (F2Q (z)) =T.

@ Similarly, if Zp (Q (d)) = T, then Zp (FzQ (z)) = T, so regardless the truth
value of Zp (FzP (z)), we have
Ip (FxP (x) vV IzQ (z)) =Ip 3zP (x)) VIp (F2Q (z)) =T.
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Logical Consequence and Logical Equivalence (Supplementary)

@ Let 7 be an arbitrary interpretation and D be an arbitrary domain.
@ Suppose Ip (3z (P (z) V Q (z))) =T, then there exists d € D such that
Ip (P(d)VvQ(d))=T. This means Ip (P (d)) =T or Ip (Q (d)) = T.
Q@ IfZp (P (d)) =T, then Zp (3zP (x)) = T, so regardless the truth value of
Ip (3zQ (x)), we have
Ip (FxP (x) vV IzQ (z)) =Ip (3zP (x)) VIp (F2Q (z)) =T.
@ Similarly, if Zp (Q (d)) = T, then Zp (FzQ (z)) = T, so regardless the truth
value of Zp (FzP (z)), we have
Ip (FxP (x) vV IzQ (z)) =Ip 3zP (x)) VIp (F2Q (z)) =T.
@ Therefore, Zp (Fz (P (z) V Q (z))) = T implies
Zp (FxP (x) vV IzQ (z)) = T, hence
Jz (P (z) VQ(z)) — JxP (x) vV IzQ (z) is valid, or in other words
Jz (P (z)VQ(x)) = JzP (x) vV IzQ ().
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@ Equivalences for Predicate Formulas: Negation of Quantified Formulas
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Logical Equivalences in Predicate Logic

Predicate logic can be considered as an “extension” of propositional logic, as a
result all logical equivalences in propositional logic are also applied for predicate
formulas.

For example, since in propositional logic we have = (AA B) = -AV —B and

A — B =-AV B for any propositional formulas A and B, then in predicate logic
these logical equivalences are also correct. For instance, if P and @ are unary
predicates, then

(= (P(2)AQ(2) =
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Logical Equivalences in Predicate Logic

Predicate logic can be considered as an “extension” of propositional logic, as a
result all logical equivalences in propositional logic are also applied for predicate
formulas.

For example, since in propositional logic we have = (AA B) = -AV —B and

A — B =-AV B for any propositional formulas A and B, then in predicate logic
these logical equivalences are also correct. For instance, if P and @ are unary
predicates, then

Fz (= (P(z)AQ(2) = 3ax(=P(x)V-Q(x))
Ve (P (2) — Q(z))
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Logical Equivalences in Predicate Logic

Predicate logic can be considered as an “extension” of propositional logic, as a
result all logical equivalences in propositional logic are also applied for predicate
formulas.

For example, since in propositional logic we have = (AA B) = -AV —B and

A — B =-AV B for any propositional formulas A and B, then in predicate logic
these logical equivalences are also correct. For instance, if P and @ are unary
predicates, then

B (+(P@)AQ@) = Fa(-P(x)V-Q(x))
Ve (P(2) = Qa) = Va(~P(2)VQ(x))

In addition to all propositional equivalences, predicate logic has two additional
equivalences concerning the negation of quantified formulas.
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Equivalences for Predicate Formulas: Negation of Quantified Formulas

Negation of Universal Quantification

Suppose we want to determine the negation of following sentence: “every
informatics student takes Mathematical Logic class”.

The above sentence can be translated into predicate formula as Va P (x), with

the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Mathematical Logic class”.
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Equivalences for Predicate Formulas: Negation of Quantified Formulas

Negation of Universal Quantification

Suppose we want to determine the negation of following sentence: “every
informatics student takes Mathematical Logic class”.

The above sentence can be translated into predicate formula as Va P (x), with
the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Mathematical Logic class”.

o The negation of Va P (z) is a formula which is true precisely when Vz P (z)
is false. Recall that if Vo P (x) is false, then there is at least one x € D
such that P (z) is false.
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Equivalences for Predicate Formulas: Negation of Quantified Formulas

Negation of Universal Quantification

Suppose we want to determine the negation of following sentence: “every
informatics student takes Mathematical Logic class”.

The above sentence can be translated into predicate formula as Va P (x), with
the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Mathematical Logic class”.

o The negation of Va P (z) is a formula which is true precisely when Vz P (z)
is false. Recall that if Vo P (x) is false, then there is at least one x € D
such that P (z) is false.

o Since Vz P (z) is false precisely when 3z =P (z) is true, then we have
—Vz P (x)
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Equivalences for Predicate Formulas: Negation of Quantified Formulas

Negation of Universal Quantification

Suppose we want to determine the negation of following sentence: “every
informatics student takes Mathematical Logic class”.

The above sentence can be translated into predicate formula as Va P (x), with
the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Mathematical Logic class”.

o The negation of Va P (z) is a formula which is true precisely when Vz P (z)
is false. Recall that if Vo P (x) is false, then there is at least one x € D
such that P (z) is false.

o Since Vz P (z) is false precisely when 3z =P (z) is true, then we have
| Vo P(2) =3z P (v) ]

Therefore, the negation of the above sentence is “there is an informatics student
who doesn’t take Mathematical Logic class”.
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Negation of Existential Quantification

Now, suppose we want to determine the negation of following sentence: “there is
an informatics student who takes Formal Methods class”.

The above sentence can be translated into predicate formula as 3z P (), with

the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Formal Methods class”.
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Negation of Existential Quantification

Now, suppose we want to determine the negation of following sentence: “there is
an informatics student who takes Formal Methods class”.

The above sentence can be translated into predicate formula as 3z P (), with
the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Formal Methods class”.

o The negation of 3z P (z) is a formula which is true precisely when 3z P (z)
is false. Recall that if 3z P (x) is false, then all z € D makes =P () is
satisfied.

MZI (SoC Tel-U) Predicate Logic 2 October 2023 42 [ 44



Negation of Existential Quantification

Now, suppose we want to determine the negation of following sentence: “there is
an informatics student who takes Formal Methods class”.

The above sentence can be translated into predicate formula as 3z P (), with
the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Formal Methods class”.

o The negation of 3z P (z) is a formula which is true precisely when 3z P (z)
is false. Recall that if 3z P (x) is false, then all z € D makes =P () is
satisfied.

o Since 3z P (z) is false precisely when VY =P (z) is true, then we have
-3z P(z) =
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Negation of Existential Quantification

Now, suppose we want to determine the negation of following sentence: “there is
an informatics student who takes Formal Methods class”.

The above sentence can be translated into predicate formula as 3z P (), with
the domain D for x is the set of all students in informatics major and P is a unary
predicate “takes Formal Methods class”.

o The negation of 3z P (z) is a formula which is true precisely when 3z P (z)
is false. Recall that if 3z P (x) is false, then all z € D makes =P () is
satisfied.

o Since Jz P (z) is false precisely when Vz =P (z) is true, then we have

‘ -3z P (z) =Vz —P () ‘

Therefore, the negation of the above sentence is “every informatics student
doesn't take Formal Methods class”.
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De Morgan's Laws for Quantifier

Suppose P is a unary predicate defined over a finite domain D = {a1,az,...,a,}.
We have

Ve P(x) =
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Equivalences for Predicate Formulas: Negation of Quantified Formulas

De Morgan's Laws for Quantifier

Suppose P is a unary predicate defined over a finite domain D = {a1,az,...,a,}.
We have

Yz P (x)
-Va P (z)

P(a1) AP (a2) A+ AP(ay)
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Equivalences for Predicate Formulas: Negation of Quantified Formulas

De Morgan's Laws for Quantifier

Suppose P is a unary predicate defined over a finite domain D = {a1,as, ...
We have

Yz P (x)
-Va P (z)

P(a1) AP (a2) A+ AP(ay)
=(P(a1) AP (ag) A--- A P(ay))
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De Morgan's Laws for Quantifier

Suppose P is a unary predicate defined over a finite domain D = {a1,az,...,a,}.
We have
Ve P(x) = P(a)AP(a2)A---AP(ay)

-Va P (z)

- (P(a1) AP (ag) A--- NP (ayn))
=P (a1)V-P(az)V--- VP (a,) [using De Morgan's law]
= dz -P(x)

Analogously, we can obtain =3z P (z) = Vx—P (z). The equivalences
—Va P(x) =3z -P () and =3z P (z) = Va —P (x) are called De Morgan's laws
for quantifiers.
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Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q —Vx (332 > 0) =



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have

Q Vx (m2>0)53xﬂ(3€2>0)53$ (x2§0)



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Iy (y+1#2)=



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Jy (W+1#2)=Vy~(y+1#2)=Vy (y+1=2)



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)

Q@ Iy (W+1#2)=Vy-~(y+1#£2)=Vy (y+1=2)
Q VzIy (xy=1)=



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)

Q@ Iy (y+1#£2)=Vy-(y+1#2)=Vy (y+1=2)



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Jy W+1#2)=Vy-(y+1#2)=Vy (y+1=2)
Q@ Vardy (zy=1)=TFz—Ty (zy=1) = JaVy —(zy = 1) = JaVy (ay # 1)



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Iy (y+1#2)=Vy~(y+1#2)=vy (y+1=2)
Q@ Vardy (zy=1)=TFz—Ty (zy=1) = JaVy —(zy = 1) = JaVy (ay # 1)
Q TVy (z+y#1) =



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.

1. Vz (22>0) 4. Javy (z+y#1)
2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have
Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Iy (y+1#2)=Vy~(y+1#2)=vy (y+1=2)
Q@ Vardy (zy=1)=TFz—Ty (zy=1) = JaVy —(zy = 1) = JaVy (ay # 1)
Q TavVy (z+y#1)=Va-Vy (z+y#1) =



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.
1. Vz (22>0) 4. Javy (z+y#1)

2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have

—-Vx (332>0) Eﬂxﬂ(x2>0) =dz (xQSO)

~Jy (Y+1#2) =y ~(y+1#2)=vy (y+1=2)

—Vzdy (zy=1)=3z-Fy (zy =1) = FaVy —~(zy = 1) = FaVy (zy # 1)

—~JaVy (z4+y#l) =VeVy (z+y#1)=Vedy ~(z+y#1) =
Vedy (z4+y=1)
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Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.
1. Vz (22>0) 4. Javy (z+y#1)

2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have

Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Iy (y+1#£2)=Vy~(y+1#2)=vy (y+1=2)
Q@ Vardy (zy=1)=TFz—Ty (zy=1) = JaVy —(zy = 1) = JaVy (ay # 1)
Q TnVy (x+y#1)=VaVy (x+y#1)=Vady ~(x+y#1) =
Vedy (x+y=1)
Q —Vavy ((zy)Zgo);



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.
1. Vz (22>0) 4. Javy (z+y#1)

2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have

Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Iy (y+1#£2)=Vy~(y+1#2)=vy (y+1=2)
Q@ Vardy (zy=1)=TFz—Ty (zy=1) = JaVy —(zy = 1) = JaVy (ay # 1)
Q TnVy (x+y#1)=VaVy (x+y#1)=Vady ~(x+y#1) =
Vedy (x+y=1)
Q@ —~Vavy ((;ry)2 §O) = dz—Vy ((xy)2 §0> =



Exercise: Negation of Quantified Formulas

Exercise

Express the negation of each of these predicate formulas so that no negation
precedes a quantifier.
1. Vz (22>0) 4. Javy (z+y#1)

2. 3y (y+1#2) 5. Vavy ((xy)2 < 0)
3. Vady (zy=1)

Solution: by De Morgan’s law of quantifiers, we have

Q Vx (m2>0)53xﬂ(3€2>0)53$ (xQSO)
Q@ Iy (y+1#£2)=Vy~(y+1#2)=vy (y+1=2)
Q@ Vardy (zy=1)=TFz—Ty (zy=1) = JaVy —(zy = 1) = JaVy (ay # 1)
Q TnVy (x+y#1)=VaVy (x+y#1)=Vady ~(x+y#1) =
Vedy (z4+y=1)
Q@ —~VaVvy ((;ry)2 < O) =daz—Vy ((xy)2 < 0) =dzdy - ((xy)2 < 0) =

Jx Ty ((my)2 > 0)
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