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Motivation

A recursive structure is a natural structure in computer science.
GNU: GNU’s not Unix

NU 8.3 (hurdle) (ttyl)

This is the superunprivileged.org Hurd LiveCD.
Helcome.

se 'login USER’' to login, or ‘help’ for more information about logging in.
ry logging in as the ‘guest’, or the "tutorial’ user. The passuwords are
he same as the usernames.

After logging in, use 'info guide’ to learn more about how to use the Hurd.
login> _

Image taken from Wikipedia.
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Why Do We Need Recurrence Relation?

In computer science or daily life, many calculation problems can be modelled
recursively. A mathematical expression is defined recursively if its definition refers
to itself. A recursive problem can be modelled as a recurrence relation.

Example

Determine the number of binary strings (contain 0 or 1 only) of length n that has
no two consecutive 0.

Illustration:

o Binary strings of length 1 that satisfy the condition:
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Why Do We Need Recurrence Relation?

In computer science or daily life, many calculation problems can be modelled
recursively. A mathematical expression is defined recursively if its definition refers
to itself. A recursive problem can be modelled as a recurrence relation.

Example

Determine the number of binary strings (contain 0 or 1 only) of length n that has
no two consecutive 0.

Illustration:

@ Binary strings of length 1 that satisfy the condition: 0 and 1
@ Binary strings of length 2 that satisfy the condition:
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Why Do We Need Recurrence Relation?

In computer science or daily life, many calculation problems can be modelled
recursively. A mathematical expression is defined recursively if its definition refers
to itself. A recursive problem can be modelled as a recurrence relation.

Example

Determine the number of binary strings (contain 0 or 1 only) of length n that has
no two consecutive 0.

Illustration:

@ Binary strings of length 1 that satisfy the condition: 0 and 1
@ Binary strings of length 2 that satisfy the condition: 01, 10, and 11.
@ Binary strings of length 3 that satisfy the condition:
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Why Do We Need Recurrence Relation?

In computer science or daily life, many calculation problems can be modelled
recursively. A mathematical expression is defined recursively if its definition refers
to itself. A recursive problem can be modelled as a recurrence relation.
Example

Determine the number of binary strings (contain 0 or 1 only) of length n that has
no two consecutive 0.

Illustration:

@ Binary strings of length 1 that satisfy the condition: 0 and 1
@ Binary strings of length 2 that satisfy the condition: 01, 10, and 11.

@ Binary strings of length 3 that satisfy the condition: 010, 011, 101, 110, and
111.

How many binary string of length n that satisfy the condition?
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Example
In a system, a message always has a size of n kB with n is a nonnegative integer.
The message is sent using an array with predetermined length defined as follows:
o If the size is 0 kB, then the array has length 1,
o If the size is 1 kB, then the array has length 2,

o If the size is n kB with n > 1, then the array has length of the length of array
for n — 1 kB message plus the length of array for n — 2 kB message.

Determine the mathematical formula to determine the length of array that we
need to send a message with the size of n kB. Furthermore, based on the formula,
determine the length of array that we need to send a message of size 6 kB.

Example

Someone deposited his money with an interest rate of 7% per year. If this interest
rate never change for 20 years and the money never been withdrawn, find the
ratio of asset increment from the deposit (the final amount of money divided by
the initial amount of money).
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Some Important Definition

Definition (Recurrence relation)

A recurrence relation for a sequence () is an equation (formula) that defines the
relation between x,, and one or more of its predecessor (namely zq, z1,...,Zp_1)
in the sequence for every n > ng where ng > 1.

Definition (Recurrence relation solution)

A sequence (x,,) is a solution to a recurrence relation if every term on that
sequence satisfies the recurrence relation.

Definition (Recurrence Relation Initial Condition)

The preceding term(s) of x,, in a recurrence relation, namely xg, 1, ...,Zp—1, IS
called as initial condition of the corresponding recurrence relation.
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Ty — T2, fOr n > 2, (1)
with o = 3 and 1 = 5. Find z5 and zs.

Note that:
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Ty — T2, fOr n > 2, (1)
with o = 3 and 1 = 5. Find z5 and zs.

Note that:

@ Equation (1) is a recurrence relation of sequence (z,,).
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:

@ Equation (1) is a recurrence relation of sequence (z,,).
Q o =3 and 1 = 5 is the initial condition of the recurrence relation.

@ From Equation (1), we have 2o =
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:

@ Equation (1) is a recurrence relation of sequence (z,,).
Q o =3 and 1 = 5 is the initial condition of the recurrence relation.

@ From Equation (1), we have xo = 1 — zg =
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:
@ Equation (1) is a recurrence relation of sequence (z,,).
Q zp = 3 and x1 = 5 is the initial condition of the recurrence relation.
@ From Equation (1), we have 23 =21 —290 =5 -3 = 2.

@ 15 can be found by using xp and x; alone , that is:

s =
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:
@ Equation (1) is a recurrence relation of sequence (z,,).
Q zp = 3 and x1 = 5 is the initial condition of the recurrence relation.
@ From Equation (1), we have 23 =21 —290 =5 -3 = 2.

@ 15 can be found by using xp and x; alone , that is:

Ts = T4 — T3 =

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 10 / 61



Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:
@ Equation (1) is a recurrence relation of sequence (z,,).
Q zp = 3 and x1 = 5 is the initial condition of the recurrence relation.
@ From Equation (1), we have 23 =21 —290 =5 -3 = 2.

@ 15 can be found by using xp and x; alone , that is:

s = X4 — T3 —= (.173—.%‘2)—(3?2—331)
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:
@ Equation (1) is a recurrence relation of sequence (z,,).
Q zp = 3 and x1 = 5 is the initial condition of the recurrence relation.
@ From Equation (1), we have 23 =21 —290 =5 -3 = 2.

@ 15 can be found by using xp and x; alone , that is:

s = X4 — T3 —= (.173—.%‘2)—(3?2—331)

= x3—212+x1 =
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:
@ Equation (1) is a recurrence relation of sequence (z,,).
Q o =3 and 1 = 5 is the initial condition of the recurrence relation.
@ From Equation (1), we have 23 =21 —290 =5 -3 = 2.

@ 15 can be found by using xp and x; alone , that is:

s = X4 — T3 —= (.173—.%‘2)—(3?2—331)

x3 —2x9+x1 = (T2 — 1) — 222 + 1
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:
@ Equation (1) is a recurrence relation of sequence (z,,).
Q o =3 and 1 = 5 is the initial condition of the recurrence relation.
@ From Equation (1), we have 23 =21 —290 =5 -3 = 2.

@ 15 can be found by using xp and x; alone , that is:

s = X4 — T3 —= (.173—.%‘2)—(3?2—331)

x3 —2x9+x1 = (T2 — 1) — 222 + 1

= — g =
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Recurrence Relation Definition

Example

Let (z,) be a sequence that satisfies the recurrence relation
Ty = Tp—1 — Tp_o, for n > 2, (1)

with o = 3 and 1 = 5. Find z5 and zs.

Note that:
@ Equation (1) is a recurrence relation of sequence (z,,).
Q o =3 and 1 = 5 is the initial condition of the recurrence relation.
@ From Equation (1), we have 23 =21 —290 =5 -3 = 2.

@ 15 can be found by using xp and x; alone , that is:

s = X4 — T3 —= (.173—.%‘2)—(3?2—331)

x3 —2x9+x1 = (T2 — 1) — 222 + 1

— X9 = 7(1‘171‘0):72.

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 10 / 61



Recurrence Relation Definition

Checking the Solution of Recurrence Relation

Example

Check whether the sequence () is a solution to recurrence relation

Ty = 2%p—1 — Tp—a, for n > 2,

if
Q z,=3n
Q z,=2"
Q z, =5.
Solution:

Q If x,, = 3n, then x,,_1 =
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Recurrence Relation Definition

Checking the Solution of Recurrence Relation

Example

Check whether the sequence () is a solution to recurrence relation

Ty = 2%p—1 — Tp—a, for n > 2,

if
Q z,=3n
Q z,=2"
Q z, =5.
Solution:

Q Ifz, =3n,thenz,_1 =3(n—1) and 2,2 =
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Recurrence Relation Definition

Checking the Solution of Recurrence Relation

Example

Check whether the sequence () is a solution to recurrence relation

Ty = 2%p—1 — Tp—a, for n > 2,

if
Q z,=3n
Q z,=2"
Q z, =5.
Solution:

Q If z,, =3n, then z,_1 =3 (n—1) and z,,_2 = 3 (n — 2). Notice that

2Ty 1 —Tp2 =
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Recurrence Relation Definition

Checking the Solution of Recurrence Relation

Example

Check whether the sequence () is a solution to recurrence relation

Ty = 2%p—1 — Tp—a, for n > 2,

if
Q z,=3n
Q z,=2"
Q z, =5.
Solution:

Q Ifx,, =3n, then 2,1 =3(n—1) and z,,_2 = 3 (n — 2). Notice that
2Tp—1 — Tp—z = 2:3(n—1)—3(n—-2)

MZI (SoC Tel-U) Simple Recurrence Relation March 2023

11 / 61



Recurrence Relation Definition

Checking the Solution of Recurrence Relation

Example

Check whether the sequence () is a solution to recurrence relation

Ty = 2%p—1 — Tp—a, for n > 2,

if
Q z,=3n
Q z,=2"
Q z, =5.
Solution:

Q Ifx,, =3n, then 2,1 =3(n—1) and z,,_2 = 3 (n — 2). Notice that
2Tp—1 — Tp—z = 2:3(n—1)—3(n—-2)
= 3n=ux,,

in other words equation (2) is satisfied.
MZI (SoC Tel-U)
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Recurrence Relation Definition

Checking the Solution of Recurrence Relation

Example

Check whether the sequence () is a solution to recurrence relation

Ty = 2%y _1 — Ty_a, for m > 2, (2)
if
Q z,=3n
Q =z, =2"
Q z, =5.
Solution:

Q Ifx,, =3n, then 2,1 =3(n—1) and z,,_2 = 3 (n — 2). Notice that
2Tp—1 — Tp—z = 2:3(n—1)—3(n—-2)

= 3n=ux,,
in other words equation (2) is satisfied. Thus, the sequence (x,) = (3n) is a
solution to recurrence relation (2).
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Recurrence Relation Definition

Q Ifz, =2" then x,,_; =
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Recurrence Relation Definition

Q Ifz, =2" then z,,_1 = 2" and 2,5 =
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

2Tp-1 — Tp—2 =
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

2pg — Ty = 22771 =27 =
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

2pg — Tpp = 22771 —2"=2" 2"
# Ty,

in other words (2) is not satisfied.
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

anfl —Tp_g = 92 (2%—1) _ 2n—2 —9n _ 2"—2
#  Tn,

in other words (2) is not satisfied. Hence, the sequence (z,) = (2") is not a
solution to recurrence relation (2).

Q Ifz, =5, then x,_1 =
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

anfl —Tp_g = 92 (2%—1) _ 2n—2 —9n _ 2"—2
#  Tn,

in other words (2) is not satisfied. Hence, the sequence (z,) = (2") is not a
solution to recurrence relation (2).

Q Ifx, =5, then z,,_1 =5and z,,_o =
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

anfl —Tp_g = 92 (2%—1) _ 2n—2 —9n _ 2"—2
#  Tn,

in other words (2) is not satisfied. Hence, the sequence (z,) = (2") is not a
solution to recurrence relation (2).

Q If z, =5, then x,,_1 =5 and x,,_5 = 5. We have

2Tp—1 — Tp—2 =
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

anfl —Tp_g = 92 (2%—1) _ 2n—2 —9n _ 2"—2
#  Tn,

in other words (2) is not satisfied. Hence, the sequence (z,) = (2") is not a
solution to recurrence relation (2).

Q If z, =5, then x,,_1 =5 and x,,_5 = 5. We have

21‘71,1—.’17“,2 = 2-5-5
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Recurrence Relation Definition

Q If x, = 2" then z,,_1 = 2" and z,,_o = 2" 2. We have

anfl —Tp_g = 92 (2%—1) _ 2n—2 —9n _ 2"—2
#  Tn,

in other words (2) is not satisfied. Hence, the sequence (z,) = (2") is not a
solution to recurrence relation (2).

Q If z, =5, then x,,_1 =5 and x,,_5 = 5. We have

21‘71,1—.’17“,2 = 2-5-5

= 9=y,

in other words (2) is satisfied.
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Recurrence Relation Definition

Q If x,, = 2" then z,,_1 = 2" ! and z,,_» = 2"~ 2. We have

2po1 —Tpp = 2(2"71) —2" =222
# Tn,

in other words (2) is not satisfied. Hence, the sequence (z,) = (2") is not a
solution to recurrence relation (2).

Q Ifx, =5, then z,,_1 =5 and x,,_o = 5. We have

23?7,,1—37“,2 = 2-5-5

= 5:xny

in other words (2) is satisfied. Hence, the sequence (z,) = (5) is a solution
to recurrence relation (2).

Problem

Why do we have more than one solution for the recurrence relation (2)?
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Investment Problem

Problem

Someone deposited his money with an interest rate of 7% per year. If this interest
rate never change for 20 years and the money never been withdrawn, find the
ratio of asset increment from the deposit (the final amount of money divided by
the initial amount of money).

Solution: suppose the initial amount of money is zy and the amount of money
after n years is x,,. Therefore, there is a sequence x,, that satisfies the following
recurrence relation:

In -
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Investment Problem

Problem

Someone deposited his money with an interest rate of 7% per year. If this interest
rate never change for 20 years and the money never been withdrawn, find the
ratio of asset increment from the deposit (the final amount of money divided by
the initial amount of money).

Solution: suppose the initial amount of money is zy and the amount of money
after n years is x,,. Therefore, there is a sequence x,, that satisfies the following
recurrence relation:

T, = Tp_1+0.07x,_1, for n > 1, which equivalent to

Tn
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Investment Problem

Problem

Someone deposited his money with an interest rate of 7% per year. If this interest
rate never change for 20 years and the money never been withdrawn, find the
ratio of asset increment from the deposit (the final amount of money divided by
the initial amount of money).

Solution: suppose the initial amount of money is zy and the amount of money
after n years is x,,. Therefore, there is a sequence x,, that satisfies the following
recurrence relation:

T, = Tp_1+0.07x,_1, for n > 1, which equivalent to
T, = 1.07z,_1 3)

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 14 / 61



Modeling with Recurrence Relation

Thus,
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Modeling with Recurrence Relation

Thus,

ry = 1.07.%‘0

T2
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Modeling with Recurrence Relation

Thus,
ry = 1.07.%‘0
2o = 107z = (1.07)%
r3 =
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Modeling with Recurrence Relation

Thus,
ry = 1.07.%‘0
2o = 107z = (1.07)%
x5 = 1.07z5 = (1.07)° 20
Tn =
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Modeling with Recurrence Relation

Thus,

T
T2

T3

xn

for n = 20, we have x99 =

MZI (SoC Tel-U)

1.07.%‘0
107z, = (1.07)% ¢
1.07.%‘2 = (1.07)3.1‘0

1.07$n_1 = (107)71 o,
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Modeling with Recurrence Relation

Thus,
ry = 1.07.%‘0
2o = 1.07z1 = (1.07)% 20
x5 = 1.07z5 = (1.07)° 20
r, = 107z, 1= (1.07)" o,

for n = 20, we have x99 = (1.07)*° 2. Then the ratio of asset increment of the

deposit is
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Modeling with Recurrence Relation

Thus,
ry = 1.07.%‘0
2o = 1.07z1 = (1.07)% 20
x5 = 1.07z5 = (1.07)° 20
r, = 107z, 1= (1.07)" o,

for n = 20, we have x99 = (1.07)*° 2. Then the ratio of asset increment of the
deposit is 20 = (1.07)%.
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Modeling with Recurrence Relation

Array Length Problem

Example

In a system, a message always has a size of n kB with n is a nonnegative integer.
The message is sent using an array with predetermined length defined as follows:

o If the size is 0 kB, then the array has length 1,
o If the size is 1 kB, then the array has length 2,

o If the size is n kB with n > 1, then the array has length of the length of array
for n — 1 kB message plus the length of array for n — 2 kB message.

Determine the mathematical formula to determine the length of array that we need
for sending a message with the size of n kB. Furthermore, based on the formula,
determine the length of array that we need for sending a message of size 6 kB.
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the
size of n kB, then we have:

Lo =
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the
size of n kB, then we have:

Lo=1, 1L =
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the
size of n kB, then we have:

Lo = 1, L1 :2, and Ln:
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the
size of n kB, then we have:

Lo=1Ly=2,and L, =L, 1+ L,,_5 forn > 2.

Hence,

Ly, =
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the
size of n kB, then we have:

Lo=1Ly=2,and L, =L, 1+ L,,_5 forn > 2.

Hence,

Ly = Li+Lp=2+1=3

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 17 / 61



Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the

size of n kB, then we have:

Lo=1Ly=2,and L, =L, 1+ L,,_5 forn > 2.

Hence,

Ly = Li+Lo=2+1=3
Ls Lo+L;=34+2=5
L, =
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the

size of n kB, then we have:

Lo=1Ly=2,and L, =L, 1+ L,,_5 forn > 2.

Hence,
Ly = L1 +Lop=2+1=3
Ly = Lo+L1=34+2=5
Ly = L3+Ly=5+3=38
Ly =
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the

size of n kB, then we have:

Lo=1Ly=2,and L, =L, 1+ L,,_5 forn > 2.

Hence,

Lo
L3
Ly
Ls
Lg

MZI (SoC Tel-U)

Li+Lp=2+1=3
Lo+L;=34+2=5
L3+ Ly,=5+3=8
Ly+L3=8+5=13
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Modeling with Recurrence Relation

Solution: Suppose L, is the length of array required to send a message with the

size of n kB, then we have:

Lo=1Ly=2,and L, =L, 1+ L,,_5 forn > 2.

Hence,

Lo
L3
Ly
Ls
Lg

Li+Lp=2+1=3
Lo+L;=34+2=5
L3+ Ly,=5+3=8
Ly+L3=8+5=13
Ls+L,—13+8=21.

We need array of length 21 to send a message with size 6 kB.

Problem

Is there an explicit formula for L,,?
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Binary String Problem

Example

Define a recursive formula to determine the number of binary strings (that contain
0 or 1 only) of length n that has no two consecutive 0. Then based on the
formula, find how many binary strings of length 5 that satisfies the requirement.

Illustration:
@ Binary strings of length 1 that satisfy the condition:
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Binary String Problem

Example

Define a recursive formula to determine the number of binary strings (that contain
0 or 1 only) of length n that has no two consecutive 0. Then based on the
formula, find how many binary strings of length 5 that satisfies the requirement.

Illustration:
@ Binary strings of length 1 that satisfy the condition: 0 and 1
@ Binary strings of length 2 that satisfy the condition:
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Binary String Problem

Example

Define a recursive formula to determine the number of binary strings (that contain
0 or 1 only) of length n that has no two consecutive 0. Then based on the
formula, find how many binary strings of length 5 that satisfies the requirement.

Illustration:
@ Binary strings of length 1 that satisfy the condition: 0 and 1
@ Binary strings of length 2 that satisfy the condition: 01, 10, and 11.
@ Binary strings of length 3 that satisfy the condition:

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 18 / 61



Binary String Problem

Example

Define a recursive formula to determine the number of binary strings (that contain
0 or 1 only) of length n that has no two consecutive 0. Then based on the
formula, find how many binary strings of length 5 that satisfies the requirement.

Illustration:
@ Binary strings of length 1 that satisfy the condition: 0 and 1
@ Binary strings of length 2 that satisfy the condition: 01, 10, and 11.

o Binary strings of length 3 that satisfy the condition: 010, 011, 101, 110, and
111.
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Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0Os.

@ We can classified the binary strings into two independent groups:
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Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0Os.

@ We can classified the binary strings into two independent groups:
@ Binary strings which end in 1 (in a form of XX ... X X1).
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Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0Os.
@ We can classified the binary strings into two independent groups:

@ Binary strings which end in 1 (in a form of XX ... X X1).
@ Binary strings which end in 0 (in a form of XX ... X X0).

o For case 1: the number of binary string of length n which does not contain
two consecutive Os and ends with 1
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Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0Os.

@ We can classified the binary strings into two independent groups:

@ Binary strings which end in 1 (in a form of XX ... X X1).
@ Binary strings which end in 0 (in a form of XX ... X X0).

o For case 1: the number of binary string of length n which does not contain
two consecutive Os and ends with 1
equals to
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Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0s.
@ We can classified the binary strings into two independent groups:
@ Binary strings which end in 1 (in a form of XX ... X X1).
@ Binary strings which end in 0 (in a form of XX ... X X0).
o For case 1: the number of binary string of length n which does not contain
two consecutive Os and ends with 1
equals to
the number of binary string of length n — 1 which does not contain two
consecutive 0Os.
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Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0Os.

@ We can classified the binary strings into two independent groups:

@ Binary strings which end in 1 (in a form of XX ... X X1).
@ Binary strings which end in 0 (in a form of XX ... X X0).
o For case 1: the number of binary string of length n which does not contain
two consecutive Os and ends with 1

equals to
the number of binary string of length n — 1 which does not contain two

consecutive 0Os.
Why?
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Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0Os.

@ We can classified the binary strings into two independent groups:

@ Binary strings which end in 1 (in a form of XX ... X X1).
@ Binary strings which end in 0 (in a form of XX ... X X0).
o For case 1: the number of binary string of length n which does not contain
two consecutive Os and ends with 1
equals to
the number of binary string of length n — 1 which does not contain two
consecutive 0Os.
Why?
XXX... XXX]1

[e3
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Modeling with Recurrence Relation

Solution to Binary String Problem

o Let a, be the number of binary string of length n which does not contain
two consecutive 0Os.

@ We can classified the binary strings into two independent groups:

@ Binary strings which end in 1 (in a form of XX ... X X1).
@ Binary strings which end in 0 (in a form of XX ... X X0).

o For case 1: the number of binary string of length n which does not contain
two consecutive Os and ends with 1
equals to
the number of binary string of length n — 1 which does not contain two
consecutive 0Os.
Why?
XXX... XXX]1

«
« : any binary string of length n — 1 which does not contain two consecutive
Os.
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Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).
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Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)

20 / 61
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Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)
Therefore,

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 20 / 61



Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)
Therefore,
the number of binary string of length n which does not contain two

consecutive Os and ends with 0
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Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)

Therefore,

the number of binary string of length n which does not contain two
consecutive Os and ends with 0

equals to
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Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)

Therefore,

the number of binary string of length n which does not contain two
consecutive Os and ends with 0

equals to

the number of binary string of length n — 2 which does not contain two
consecutive 0Os.

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 20 / 61



Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)
Therefore,
the number of binary string of length n which does not contain two

consecutive Os and ends with 0
equals to
the number of binary string of length n — 2 which does not contain two

consecutive 0Os.
Why?
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Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)
Therefore,
the number of binary string of length n which does not contain two
consecutive Os and ends with 0
equals to
the number of binary string of length n — 2 which does not contain two
consecutive 0Os.
Why?
XXX...XXX10
B
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Modeling with Recurrence Relation

o For case 2: the number of binary string of length n which does not contain
two consecutive Os and ends with O must have 1 at its (n — 1)-th digit
(counted from the left).

Why? (find the answer)

Therefore,

the number of binary string of length n which does not contain two
consecutive Os and ends with 0

equals to

the number of binary string of length n — 2 which does not contain two
consecutive 0Os.

Why?

XXX...XXX10

B
B : binary string of length n — 2 which does not contain two consecutive Os.
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Modeling with Recurrence Relation

From case 1 and case 2, we have a recurrence relation a,, =
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Modeling with Recurrence Relation

From case 1 and case 2, we have a recurrence relation a,, = a,,—1 +a,_o forn >3
with initial condition a; = 2 and ay = 3. Hence, the number of binary strings of
length 5 that satisfies the requirement (does not have two consecutive 0s) is.

as =
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Modeling with Recurrence Relation

From case 1 and case 2, we have a recurrence relation a,, = a,,—1 +a,_o forn >3
with initial condition a; = 2 and ay = 3. Hence, the number of binary strings of
length 5 that satisfies the requirement (does not have two consecutive 0s) is.

as = a4+ a3z =
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Modeling with Recurrence Relation

From case 1 and case 2, we have a recurrence relation a,, = a,,—1 +a,_o forn >3
with initial condition a; = 2 and ay = 3. Hence, the number of binary strings of
length 5 that satisfies the requirement (does not have two consecutive 0s) is.

as = a4 +az= (a3+a2)+a3=2a3+a2
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Modeling with Recurrence Relation

From case 1 and case 2, we have a recurrence relation a,, = a,,—1 +a,_o forn >3
with initial condition a; = 2 and ay = 3. Hence, the number of binary strings of
length 5 that satisfies the requirement (does not have two consecutive 0s) is.

as = a4—|—a3:(a3+a2)+a3:2a3+a2
= 2(ax+a1)+az=3a2+2a; =3(3)+2(2) =13.

We can also get the same number from the following steps:
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Modeling with Recurrence Relation

From case 1 and case 2, we have a recurrence relation a,, = a,,—1 +a,_o forn >3
with initial condition a; = 2 and ay = 3. Hence, the number of binary strings of
length 5 that satisfies the requirement (does not have two consecutive 0s) is.

as = a4—|—a3:(a3+a2)+a3:2a3+a2
= 2(ax+a1)+az=3a2+2a; =3(3)+2(2) =13.

We can also get the same number from the following steps:

as = a2+a1:3+2:5
ag = az3+ay=54+3=8
as = ag4+ay=84+5=13.

Problem

Is there an explicit formula for a.,?
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Contents

@ Solution to Homogeneous Linear Recurrence Relation with Constant
Coefficients

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 22 /61



Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Linear Recurrence Relation

Definition
A linear recurrence relation with constant coefficients of degree k (k € N) for
real number sequence zg, x1,...,Tn,... IS

ATy + a1Tp—1 + -+ aptp_p = f (n), for k <mn, (4)
where f (n) is a function, ag,a1,...,a are k + 1 real numbers, ay, # 0.

If f(n) =0, then the recurrence relation
agTy, + A1Tp—1 + -+ + agxp_k = 0, for k <n, (5)

is called homogeneous linear recurrence relation with constant coefficient. If
f(n) # 0, then (4) is called nonhomogeneous linear recurrence relation with
constant coefficient. Moreover, x,, = ¢, for 0 < n < k is the initial condition for

(4) or (5).
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Notice that homogeneous linear recurrence relation with constant coefficients of
degree k can also be written as

Tp = 01Tp—1+ A2Tp—2 + -+ + ApTp—k

and nonhomogeneous linear recurrence relation with constant coefficients of
degree k can also be written as

Tp = A1Tp—1 + @2Tp_o +  + apZpn_g + [ (n),

for some nonzero function f .
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Recurrence relation:

Q x, =x,_1+ xp_o is a homogeneous linear recurrence relation with constant
coefficients of degree 2.

Q 2z, +5x,-1=2"isa
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Recurrence relation:

Q x, =x,_1+ xp_o is a homogeneous linear recurrence relation with constant
coefficients of degree 2.

Q 2z, + bx,_1 = 2" is a nonhomogeneous linear recurrence relation with
constant coefficients of degree 1.

Q z, = (mn,1)2 + 2, oisa
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Recurrence relation:

Q x, =x,_1+ xp_o is a homogeneous linear recurrence relation with constant
coefficients of degree 2.

Q 2z, + bx,_1 = 2" is a nonhomogeneous linear recurrence relation with
constant coefficients of degree 1.

2 . . . .
Q z, =(2,-1)" + x,_2 is a homogeneous nonlinear recurrence relation with
constant coefficients of degree 2.

Q z,=nx,_1+Tp—oisa
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Recurrence relation:

Q x, =x,_1+ xp_o is a homogeneous linear recurrence relation with constant
coefficients of degree 2.

Q 2z, + bx,_1 = 2" is a nonhomogeneous linear recurrence relation with
constant coefficients of degree 1.

2 . . . .
Ty, = (Tp—1)" + Zn—2 is a homogeneous nonlinear recurrence relation with
constant coefficients of degree 2.

o

Q =, =nx,_1+ T,_2 is a homogeneous linear recurrence relation with
non-constant coefficients of degree 2.

(5

1 .
3Ty = 2Tn 1+ Ty o+ Tp_3+ n!is a

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 25/ 61



Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Recurrence relation:

Q x, =x,_1+ xp_o is a homogeneous linear recurrence relation with constant
coefficients of degree 2.

2%, + bxy_1 = 2™ is a nonhomogeneous linear recurrence relation with
constant coefficients of degree 1.

2 . . . .
Ty, = (Tp—1)" + Zn—2 is a homogeneous nonlinear recurrence relation with
constant coefficients of degree 2.

Tp = NTp_1 + Tp_o is @ homogeneous linear recurrence relation with
non-constant coefficients of degree 2.

© ©0 o0 o

3z, = %xn,l + a5+ xn_3+n!is a nonhomogeneous nonlinear recurrence
relation with non-constant coefficients of degree 3.

Remark

The linearity of recurrence relation is similar to the linearity of linear equations in
Matrices and Vector Spaces course.
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Characteristic Polynomial

Definition
Let
aoTp + @1Tp—1 + -+ + axTp_ = f (n) (6)

be a linear recurrence relation as defined in the previous section, the polynomial
PN =ao)\" +ar X 4 g

is a characteristic polynomial of recurrence relation (6). The equation p (A\) =0 is
called characteristic equation. The number r satisfies p (r) = 0 is called
characteristic root. The number of occurrence of 7 as a root is called the
multiplicity of the root.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Determine the characteristic equation of the following recurrence relation:
Q zp, =z 1+20, 2
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3

Q Ty = —3.%”,1 - 3mn72 —Tp-3

Solution:
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the characteristic equation of the following recurrence relation:
Q zp, =z 1+20, 2
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3
Qx,=-3z, 1—3Tn_92—Tn_3
Solution:

@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the
corresponding characteristic equation is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the characteristic equation of the following recurrence relation:
Q zp, =z 1+20, 2
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3
Qx,=-3z, 1—3Tn_92—Tn_3
Solution:

@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the
corresponding characteristic equation is A> — A\ — 2 = 0.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the characteristic equation of the following recurrence relation:
Q zp, =z 1+20, 2
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3
Qx,=-3z, 1—3Tn_92—Tn_3
Solution:

@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the
corresponding characteristic equation is A> — A\ — 2 = 0.

@ The recurrence relation can be rewritten as x,, — 6x,,_1 + 92,_2 = 0, so the
corresponding characteristic equation is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the characteristic equation of the following recurrence relation:
Q zp, =z 1+20, 2
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3
Qx,=-3z, 1—3Tn_92—Tn_3
Solution:

@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the
corresponding characteristic equation is A> — A\ — 2 = 0.

@ The recurrence relation can be rewritten as x,, — 6x,,_1 + 92,_2 = 0, so the
corresponding characteristic equation is A — 6\ + 9 = 0.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the characteristic equation of the following recurrence relation:
Quzr,=x,_1+2T,_9
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3
Qx,=-3z, 1—3Tn_92—Tn_3
Solution:
@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the
corresponding characteristic equation is A> — A\ — 2 = 0.

@ The recurrence relation can be rewritten as x,, — 6x,,_1 + 92,_2 = 0, so the
corresponding characteristic equation is A — 6\ + 9 = 0.

© The recurrence relation can be rewritten as
Ty — 62,1+ 112, 9 — 62,_3 = 0, so the corresponding characteristic
equation is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the characteristic equation of the following recurrence relation:
Q zp, =z 1+20, 2
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3
Qx,=-3z, 1—3Tn_92—Tn_3
Solution:
@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the
corresponding characteristic equation is A> — A\ — 2 = 0.

@ The recurrence relation can be rewritten as x,, — 6x,,_1 + 92,_2 = 0, so the
corresponding characteristic equation is A — 6\ + 9 = 0.

© The recurrence relation can be rewritten as
Ty — 62,1+ 11x,_o — 62,_3 = 0, so the corresponding characteristic
equation is A* — 6A% + 11\ — 6 = 0.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Determine the characteristic equation of the following recurrence relation:

o
(2]

Ty = Tp—1 + 2Tp_2

T =6Tp_1 — 9Tp_2

Q z,=6zx,_1—1lx,_2+ 6x,_3
Q Ty = —3.%”,1 - 3xn72 —Tp-3
Solution:
@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the

Q

corresponding characteristic equation is A> — A\ — 2 = 0.

The recurrence relation can be rewritten as x,, — 6x,_1 + 9z,_9 = 0, so the
corresponding characteristic equation is A — 6\ + 9 = 0.

The recurrence relation can be rewritten as

Ty — 62,1+ 11x,_o — 62,_3 = 0, so the corresponding characteristic
equation is \* — 6A% + 11\ — 6 = 0.

The recurrence relation can be rewritten as z,, + 32,1 + 3x,_o+,_3 =0,
so the corresponding characteristic equation is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the characteristic equation of the following recurrence relation:
Quzr,=x,_1+2T,_9
Q z,=6x,_1— 97,9
Q z,=6zx,_1—1lx,_2+ 6x,_3
Qx,=-3z, 1—3Tn_92—Tn_3
Solution:
@ The recurrence relation can be rewritten as x,, — x,,_1 — 2x,,_o = 0, so the
corresponding characteristic equation is A> — A\ — 2 = 0.

@ The recurrence relation can be rewritten as x,, — 6x,,_1 + 92,_2 = 0, so the
corresponding characteristic equation is A — 6\ + 9 = 0.

© The recurrence relation can be rewritten as
Ty — 62,1+ 11x,_o — 62,_3 = 0, so the corresponding characteristic
equation is A* — 6A% + 11\ — 6 = 0.

@ The recurrence relation can be rewritten as z,, + 32,1 +3Zn_2 +Tp_3 =0,
so the corresponding characteristic equation is A*> + 3\* + 3\ + 1 = 0.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Solution to Recurrence Relation of Degree 2 (Different
roots)

Theorem (Solution to recurrence relation of degree 2 (different roots))

Let ¢1,cy € R and equation A\ — c1A — co = 0 has two different roots r; and 7o,
then all solutions of the recurrence relation

Tp = C1Tp—1 + C2Tn—2

has a form of
Ty = Arl + Bry, n € Ny,

for some constants A and B.

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 28 / 61



Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example
Determine the solution of recurrence relation

Ty = Tp_1+ 21:77,—2v (7)
with initial condition g =2 and 1 = 7.

Solution: Characteristic equation for the recurrence relation (7) is
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Example
Example
Determine the solution of recurrence relation
Ty = Tp_1+ 21:77,—2v (7)
with initial condition g =2 and 1 = 7.

Solution: Characteristic equation for the recurrence relation (7) is

M—-A—2=0or
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example
Determine the solution of recurrence relation
Ty = Tp_1+ 21:77,—2v (7)

with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M_XA—2=00or A+1)(A=2)=0

so the roots are
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
Tp = Tp—1+ 2x7z—2v (7)

with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M_XA—2=00or A+1)(A=2)=0

so the roots are 11 = —1 and ro = 2. According to the previous theorem, the
solution to recurrence relation (7) is

Ty =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
Tp = Tp—1+ 2x7z—2v (7)

with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M_XA—2=00or A+1)(A=2)=0

so the roots are 11 = —1 and ro = 2. According to the previous theorem, the
solution to recurrence relation (7) is

T, =A-2"+B-(-1)",

observe that zg =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
T = Tp—1 + 2ZTp_2, (7)
with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M-A—2=00or A+1)(A=2)=0

so the roots are 11 = —1 and ro = 2. According to the previous theorem, the
solution to recurrence relation (7) is

T, =A-2"+B-(-1)",
observe that g = A+ B =2, and z1 =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
T = Tp—1 + 2ZTp_2, (7)
with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M-A—2=00or A+1)(A=2)=0

so the roots are 11 = —1 and ro = 2. According to the previous theorem, the
solution to recurrence relation (7) is

T, =A-2"+B-(-1)",
observe that xo = A+ B =2, and x1 =2A — B =7. Thus, we get A =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
Tp = Tp—1+ 2x7z—2v (7)

with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M_XA—2=00or A+1)(A=2)=0

so the roots are 11 = —1 and ro = 2. According to the previous theorem, the
solution to recurrence relation (7) is

T, =A-2"+B-(-1)",

observe that xo = A+ B =2, and 1 =2A — B =7. Thus, we get A =3 and
B =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
Tp = Tp—1+ 2x7z—2v (7)

with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M_XA—2=00or A+1)(A=2)=0

so the roots are 11 = —1 and ro = 2. According to the previous theorem, the
solution to recurrence relation (7) is

T, =A-2"+B-(-1)",

observe that xo = A+ B =2, and 1 =2A — B =7. Thus, we get A =3 and
B = —1, so the general solution to the recurrence relation is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
Tp = Tp—1+ 2x7z—2v (7)

with initial condition g =2 and 1 = 7.
Solution: Characteristic equation for the recurrence relation (7) is
M_XA—2=00or A+1)(A=2)=0

so the roots are 11 = —1 and ro = 2. According to the previous theorem, the
solution to recurrence relation (7) is

T, =A-2"+B-(-1)",

observe that xo = A+ B =2, and 1 =2A — B =7. Thus, we get A =3 and
B = —1, so the general solution to the recurrence relation is

T, =3-2"—1(=1)".
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Solution to Recurrence Relation of Degree 2 (Twin Roots)

Theorem (Solution to recurrence relation of degree 2 (twin roots))

Let ¢1,co € R with ¢ # 0 and equation A — c1 A — co = 0 has twin roots 7, then
all solutions of recurrence relation

Tp = C1Tp—1 + C2Tn—2
has the form of
xn = Ar{ + Bnrg = (A+ Bn)r{, n € Ny,

for some constants A and B.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Example
Determine the solution of recurrence relation
B = Op—1 = WBp—9; (8)

with initial condition g = 1 and 1 = 6.

Solution: Characteristic equation for the recurrence relation (8) is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Determine the solution of recurrence relation
Ty = 62p_1 — 9%p_o, (8)
with initial condition g = 1 and 1 = 6.
Solution: Characteristic equation for the recurrence relation (8) is
A2 —6A+9=00r (A—3)>=0

so we have the twin roots rg =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example
Determine the solution of recurrence relation
Ty = 62,1 — 914 o, (8)
with initial condition g = 1 and 1 = 6.
Solution: Characteristic equation for the recurrence relation (8) is
A2 —6A+9=00r (A—3)>=0

so we have the twin roots rg = 3. According to the previous theorem, the solution
to recurrence relation (8) is

Tpn =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the solution of recurrence relation
Ty = 62,1 — 914 o, (8)
with initial condition g = 1 and 1 = 6.
Solution: Characteristic equation for the recurrence relation (8) is
A2 —6A+9=00r (A—3)>=0

so we have the twin roots rg = 3. According to the previous theorem, the solution
to recurrence relation (8) is

xn, = A3" + Bn3" = (A + Bn) 3",

observe that zg =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the solution of recurrence relation
Ty = 62,1 — 914 o, (8)
with initial condition g = 1 and 1 = 6.
Solution: Characteristic equation for the recurrence relation (8) is
A2 —6A+9=00r (A—3)>=0

so we have the twin roots rg = 3. According to the previous theorem, the solution
to recurrence relation (8) is

xn, = A3" + Bn3" = (A + Bn) 3",

observe that g = A =1, and z; =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example
Determine the solution of recurrence relation
Ty = 62,1 — 914 o, (8)
with initial condition g = 1 and 1 = 6.
Solution: Characteristic equation for the recurrence relation (8) is
A2 —6A+9=00r (A—3)>=0

so we have the twin roots rg = 3. According to the previous theorem, the solution
to recurrence relation (8) is

x, = A3" + Bn3" = (A+ Bn) 3",
observe that g = A =1, and 1 = 34 + 3B = 6. Thus, we have A
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example
Determine the solution of recurrence relation
Ty = 62,1 — 914 o, (8)
with initial condition g = 1 and 1 = 6.
Solution: Characteristic equation for the recurrence relation (8) is
A2 —6A+9=00r (A—3)>=0

so we have the twin roots rg = 3. According to the previous theorem, the solution
to recurrence relation (8) is

xn, = A3" + Bn3" = (A + Bn) 3",

observe that g = A =1, and z1 =34+ 3B =6. Thus, we have A= B =1, so
the general solution is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example
Determine the solution of recurrence relation
Ty = 62,1 — 914 o, (8)
with initial condition g = 1 and 1 = 6.
Solution: Characteristic equation for the recurrence relation (8) is
A2 —6A+9=00r (A—3)>=0

so we have the twin roots rg = 3. According to the previous theorem, the solution
to recurrence relation (8) is

xn, = A3" + Bn3" = (A + Bn) 3",

observe that g = A =1, and z1 =34+ 3B =6. Thus, we have A= B =1, so
the general solution is
Tn = (1 4+n)3™.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Supplement: Solution to Recurrence Relation of Degree k
(Different Roots)

Theorem (Solution to recurrence relation of degree k (different roots))

Let cq,ca,...,cr € R and equation
D e N =1
has k different roots r1,75,...,7%, then the solution to recurrence relation

Tp = C1Tp—1+ C2Tp—2+ -+ + CkTn—k

Ty = A1ry + Aory + - 4+ Agry, n € Ny,

for some constants Ay, Ao, ..., Ag.
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Ty, = 62p_1 — 1129 + 6243, (9)

with initial condition zg = 2, 1 = 5, and z5 = 15.

Solution: Characteristic equation for the recurrence relation (9) is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Ty, = 62p_1 — 1129 + 6243, (9)

with initial condition zg = 2, 1 = 5, and z5 = 15.

Solution: Characteristic equation for the recurrence relation (9) is

AN —6X2+11N—6=0o0r

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 33 /61



Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Ty, = 62p_1 — 1129 + 6243, (9)

with initial condition zg = 2, 1 = 5, and z5 = 15.

Solution: Characteristic equation for the recurrence relation (9) is
N =6+ 1IN —6=00r A—1)(A—=2)(A=3) =0,

so the roots are
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Ty, = 62p_1 — 1129 + 6243, (9)

with initial condition zg = 2, 1 = 5, and z5 = 15.

Solution: Characteristic equation for the recurrence relation (9) is
N =6+ 1IN —6=00r A—1)(A—=2)(A=3) =0,

so the roots are 71 = 1, 7o = 2, and r3 = 3. According to the previous theorem,
the solution to recurrence relation (9) is

Ty =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Ty, = 62p_1 — 1129 + 6243, (9)

with initial condition zg = 2, 1 = 5, and z5 = 15.

Solution: Characteristic equation for the recurrence relation (9) is
N =6+ 1IN —6=00r A—1)(A—=2)(A=3) =0,

so the roots are 71 = 1, 7o = 2, and r3 = 3. According to the previous theorem,
the solution to recurrence relation (9) is

Ty = Alln + A22n + A33n,
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:
Q ZEO:A1 +A2+A3:2,
Q 21 =A1 +2A5 +3A5 =5,
Q 1o =A; +4A5 +9A5 =15,

so A; =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:
Q zo=A1+A+ A3 =2,
Q w1 =A; +2A5 + 343 =5,
Q 2o =A; +4A5 +9A5 =15,
so A1 =1, Ay =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:

Q zo=A1+A+ A3 =2,
Q w1 =A; +2A5 + 343 =5,
Q 2o =A; +4A5 +9A5 =15,
so Ay =1, Ao, = — 1, and A3 =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:
Q ZZ?OZAl —I—A2—|—A3=2,
Q 21 =A1 +2A5 +3A5 =5,
Q 1o =A; +4A5 +9A5 =15,

so Ay =1, A, = — 1, and A3 = 2, then the general solution is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:
Q zo=A1+A+ A3 =2,
Q w1 =A; +2A5 + 343 =5,
Q 2o =A; +4A5 +9A5 =15,
so Ay =1, A, = — 1, and A3 = 2, then the general solution is

xn — 1'7L _2'7L+2.37L_
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Supplement: Solution to Recurrence Relation of Degree k
(Duplicate Roots)

Theorem (Solution to recurrence relation of degree k (duplicate
roots))

Let ¢1,ca,...,c, € R and equation
P cl)\/“l — 02/\1%2 —o—, =0
has ¢ different roots (¢t < n), r1,72,...,7:, each with multiplicity my,ma, ..., m;

(m1 +ma + -+ +m; = k), then the solution to recurrence relation

Tp =C1Tp—1+C2Tp—2+ -+ CLTn—k

is of the form

Ty, = (AI,O +A1,1n—|—A172n2 dbooodl Al,m1—1nm1_1) r
I (A2,0 al A2,17’L + A2,2n2 + ..o+ A2,m2—17’lm2_1> 7‘121

+ (Ao + Apan+ Apan® + -+ Ay gnyan™ 1) 12,



Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Tp = —3Tn_1 — 3Tp_2 — Tn_3, (10)

with initial condition g = 1, 1 = —2, and x5, = —1.

Solution: Characteristic equation for the recurrence relation (10) is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Tp = —3Tn_1 — 3Tp_2 — Tn_3, (10)

with initial condition g = 1, 1 = —2, and x5, = —1.

Solution: Characteristic equation for the recurrence relation (10) is
A 4+3X2 43 +1=00r (A+1)*=0,

so the root is r; =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Tp = —3Tn_1 — 3Tp_2 — Tn_3, (10)

with initial condition g = 1, 1 = —2, and x5, = —1.

Solution: Characteristic equation for the recurrence relation (10) is
A 4+3X2 43 +1=00r (A+1)*=0,

so the root is 71 = — 1 with multiplicity m; =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Tp = —3Tn_1 — 3Tp_2 — Tn_3, (10)

with initial condition g = 1, 1 = —2, and x5, = —1.

Solution: Characteristic equation for the recurrence relation (10) is
A 4+3X2 43 +1=00r (A+1)*=0,

so the root is 11 = — 1 with multiplicity m1 = 3. According to the previous
theorem, the solution to recurrence relation (10) is

Tn =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

Example

Example

Find the solution to recurrence relation
Ty = —3Tp_1— 3Tp_o — Tn_3, (10)
with initial condition g = 1, 1 = —2, and x5, = —1.
Solution: Characteristic equation for the recurrence relation (10) is
A 4+3X2 43 +1=00r (A+1)*=0,

so the root is 11 = — 1 with multiplicity m1 = 3. According to the previous
theorem, the solution to recurrence relation (10) is

Tn = (Al,o + A in+ A1,2n2) T
(ALQ + A1717’L + A1,27’L2) (_1)n
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:

Q zp=A410=1,
Q@ z1=—(A10+A11+A412) =2,
Q zo=A10+2411+44, 2= -1,

SO AI,O =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:

Q z9p=A10=1,

Q@ z1=—(A10+A11+A412) =2,

Q@ zo=A10+2411+4A412 =1,
soAdio=1 411 =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:

Q z9p=A10=1,

Q@ z1=—(A10+A11+A412) =2,

Q@ zo=A10+2411+4A412 =1,
soAio=1 A11=3and 412 =
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:

Q zp=A410=1,
Q@ z1=—(A10+A11+A412) =2,
Q zo=A10+2411+44, 2= -1,

so Aio=1 A1 =3, and A1 2 = — 2, then the general solution is
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Solution to Homogeneous Linear Recurrence Relation with Constant Coefficients

observe that:

Q zp=A410=1,
Q@ z1=—(A10+A11+A412) =2,
Q zo=A10+2411+44, 2= -1,

so Aio=1 A1 =3, and A1 2 = — 2, then the general solution is

2, = (143n—2n%) (-1)".
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Coefficients
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© Exercise: Solution to Homogeneous Linear Recurrence Relation with Constant
Coefficients
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~ Coefficients

Exercise: Solution to Homogeneous Linear Recurrence
Relation

Exercise

Find the general solution to recurrence relation:

Q w, = 2w,_1 for every n > 1 with wy = 3. Write the value of wyg23.

Q x, = 4x,_o for every n > 2 with g = 1 and x; = —1. Write the value of
Z2023-

Q yn=—-2y,_1— Yn_o for every n > 2 with yg = 1 and y; = 4. Write the
value of Y2023 -

Q z, =3z,-1 — 22,5 for every n > 2 with zyp = 0 and z; = 1. Write the value
of 22023.
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Coefficients

Solution to Problem 1

Characteristic equation for w,, = 2w, _1 is
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Coefficients

Solution to Problem 1

Characteristic equation for w,, = 2w, _1 is A —2 =0, so the root is r =
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Coefficients

Solution to Problem 1

Characteristic equation for w,, = 2w, _1 is A —2 = 0, so the root is r = 2.
According to the theorem, the solution is in the form of

Wy =
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Coefficients

Solution to Problem 1

Characteristic equation for w,, = 2w, _1 is A —2 = 0, so the root is r = 2.
According to the theorem, the solution is in the form of

w, = Ar" = A - 2"

Because wg =
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Coefficients

Solution to Problem 1

Characteristic equation for w,, = 2w, _1 is A —2 = 0, so the root is r = 2.
According to the theorem, the solution is in the form of

w, = Ar" = A - 2",
Because wy = A - 29 = A = 3, then the solution is

Wy =
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Coefficients

Solution to Problem 1

Characteristic equation for w,, = 2w, _1 is A —2 = 0, so the root is r = 2.
According to the theorem, the solution is in the form of

w, = Ar" = A - 2",
Because wy = A - 29 = A = 3, then the solution is
w, =3-2"

and w2023 is

w2023 =
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Coefficients

Solution to Problem 1

Characteristic equation for w,, = 2w, _1 is A —2 = 0, so the root is r = 2.
According to the theorem, the solution is in the form of

w, = Ar" = A - 2",
Because wy = A - 29 = A = 3, then the solution is
w, =3-2"

and w2023 is

2023
W2023 — 3-2 .
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Coefficients

Solution to Problem 2

Characteristic equation for x,, = 4z, _o is
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the
roots are r; =
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the

roots are r1 = — 2 and r9 =
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the

roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

Ty =
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the

roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".

Because xg =
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the

roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".
Because 1o = A+ B =1and z; =
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the

roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".
Because xp = A+ B=1andxy = —2A+2B=—-1,s0 A=
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the

roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".

Because zo = A+B=1and 1 = —2A+2B = —1, soA:%andB
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the
roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".

Because zp = A+B=1andz; = —24A+2B=—-1,50 A= % and B = %.
Thus, the solution is

Tp =
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the
roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".
Because zo = A+B=1and 1 = —2A+2B = —1, soA:%andB*

1
. . Z
Thus, the solution is

Tp =

| w

1
(=" =g
(=2)" +

and 22023 is

2023 —

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 41 / 61



~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the
roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".

Because zp = A+B=1andz; = —24A+2B=—-1,50 A= % and B = %.
Thus, the solution is

Tp =

1
(=" =g
(=2)" +

| w

and 22023 is

1

_9)2023
(-2 +

(2)2023

>~ w

2023 —

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 41 / 61



~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the
roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".
Because zp = A+B=1andz; = —24A+2B=—-1,50 A= % and B =
Thus, the solution is

=

3 a1
n— 5 -2 —. 2"
=g Y
and $2023iS

)2023

1
2023 — Z

3

(2
1
_ 9 152023 1
= 1@y

(22025)
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~ Coefficients

Solution to Problem 2

Characteristic equation for ,, = 4z, _5 is \> —4=0< (A —2) (A +2) =0, the
roots are 1y = — 2 and ro = 2. According to the theorem, the solution is in the
form of

zp=Arl +Bry =A-(-2)"+B-2".

Because zp = A+B=1andz; = —24A+2B=—-1,50 A= % and B = %.
Thus, the solution is 3 )
n — 7 ° —2 " —.2"
=g (P
and 22023 is
3 2023 , 1 ,..2023
s = (-2 2
2023 1 (—2) + 1 (2)
3 ) 1 )
—  _ 2 (92023 2 (92023
3 (g3 4 1 (go0m)

3 1

_ (_ - 22023):_22022_
T+1)
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Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is
A +2X +1=04 (A+1)° =0, the roots are ry =
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is

A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the
theorem, solution is in the form of

Yn =
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is

A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the
theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yp =
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is

A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the
theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yo = A(—1)" =1 and y; =
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is

A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the
theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yo = A(—1)° =1l and y; = (A+ B)(—1) =4, then A =
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is

A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the
theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yo = A(—1)° =1 and y; = (A+ B)(—1) =4, then A =1 and
B =

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 42 / 61



~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is
A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the

theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yo = A(—1)° =1 and y; = (A+ B)(—1) =4, then A =1 and
B = — 5. Hence, the solution is

Yn =

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 42 / 61



~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is
A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the

theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yo = A(—1)° =1 and y; = (A+ B)(—1) =4, then A =1 and
B = — 5. Hence, the solution is

Yn = (1 —5n) (_l)n

and yap23 is

Y2023 =
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is

A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the
theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yo = A(—1)° =1 and y; = (A+ B)(—1) =4, then A =1 and
B = — 5. Hence, the solution is

Yn = (1 - 5”) (_l)n
and yap23 is

Y023 = (1 —5(2023))(—1)%%
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~ Coefficients

Solution to Problem 3

Characteristic equation for y, = —2y,_1 — Yn_o is
A 4+2X +1=0% (A+1)° =0, the roots are ry = — 1. According to the

theorem, solution is in the form of

yn = Ary + Bnr{ = (A+ Bn)rj = (A+ Bn) (—-1)".

Because yo = A(—1)° =1 and y; = (A+ B)(—1) =4, then A =1 and
B = — 5. Hence, the solution is

Yn = (1 —5n) (_l)n

and yap23 is
yaoas = (1 —5(2023)) (—=1)*"*
= 5(2023) -1
10114,
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Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 43 / 61



~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7, =
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 =
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is

M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

Zn =
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

2n=Ar? +Bry = A1)"+B(2)"=A+ B(2)".

Because zg =
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

2n=Ar? +Bry = A1)"+B(2)"=A+ B(2)".

Because 20 = A+ B(2)’ = A+ B=0and z; =
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

2n=Ar? +Bry = A1)"+B(2)"=A+ B(2)".

Because zp = A+ B(2)' = A+B=0and 2y = A+ B(2)' = A+ 2B =1, then
A=
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

2n=Ar? +Bry = A1)"+B(2)"=A+ B(2)".

Because zp = A+ B(2)' = A+B=0and 2y = A+ B(2)' = A+ 2B =1, then
A= —1land B=
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

2n=Ar? +Bry = A1)"+B(2)"=A+ B(2)".

Because zp = A+ B(2)' = A+B=0and 2y = A+ B(2)' = A+ 2B =1, then
A= —1and B =1. Thus, the solution is

Zn =
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

2n=Ar? +Bry = A1)"+B(2)"=A+ B(2)".

Because zp = A+ B(2)' = A+B=0and 2y = A+ B(2)' = A+ 2B =1, then
A= —1and B =1. Thus, the solution is

Zp = —1+2"

and 22023 is

22023 =
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~ Coefficients

Solution to Problem 4

Characteristic equation for z, = 3z,_1 — 22,2 is
M —304+2=0< (A—1)(A—2) =0, the roots are 7; = 1 and 75 = 2.
According to the theorem, the solution is in form of

2n=Ar? +Bry = A1)"+B(2)"=A+ B(2)".

Because zp = A+ B(2)' = A+B=0and 2y = A+ B(2)' = A+ 2B =1, then
A= —1and B =1. Thus, the solution is

Zp = —1+2"

and 22023 is
29023 = — 1 + 22023 — 22023 1.
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Challenging Problem

Exercise
Determine the explicit solution of the following recurrence relations:

Q a,=an,_1+a, o forn>3 with a; =2 and ay = 3,

Q a, =7a,_2 — 6a,_3 forn >3 with ag =0, a1 =1, and as = 2
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Constant Coefficients

Contents

@ Supplement: Solution to Nonhomogeneous Linear Recurrence Relation with
Constant Coefficients
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Constant Coefficients

Homogeneous Recurrence Relation Corresponded to
Nonhomogeneous Recurrence Relation

The course material related with solution of recurrence relation linear non
homogeneous with constant coefficient will be studied further in Analysis of
Algorithm Course.

Definition (Homogeneous Recurrence Relation Corresponded to
Nonhomogeneous Recurrence Relation)

Let
Ty = C1Tpn-1 + CTn_2+ - -+ CTni + f(n), (11)
with constants ¢; for every i € {1,...,n — k} and f is a nonzero function, then
Ty, = C1Tp—1 + C2Tr—2 + -+ CkTn_k (12)

is homogeneous recurrence relation that corresponds to nonhomogeneous
recurrence relation(11).
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Constant Coefficients

Homogeneous Solution and Particular Solution

Theorem

R)Y . .
Suppose a sequence (x; )> is a general solution to homogeneous linear recurrence

relation with constant coefficient
Tp = C1Tp—1+ C2Tp—2+ -+ + CkTn—k (13)

and (x%p)) is a sequence that satisfies nonhomogeneous linear recurrence relation

with constant coefficient
Ty, = C1Tp—1 + C2Tn_o +* + uTp_i + f (n), (14)

then every solution of nonhomogeneous linear recurrence relation (14) is the

sequence
(zﬁ{” I xﬁfﬁ) :
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Constant Coefficients

The sequence (x%p)) is called as a particular solution for recurrence relation (14)

and (:m(lh)> is called a homogeneous solution for recurrence relation (13).
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Constant Coefficients

Theorem

If the sequence (u,,) is a particular solution to nonhomogeneous linear recurrence
relation
0T +C1Tp—1+ -+ crtpn_r = f(n), (15)

for some k < n, and the sequence (v,,) is a particular solution to nonhomogeneous
linear recurrence relation

COTn + C1Tp—1 + +++ + CkTn_k = g (n), (16)

for some k < n, then
(wn) = (un +vp) (17)

is a particular solution to nonhomogeneous linear recurrence relation

CoTn 4+ C1Tp_1 + ++ + ckTn_g = [ (n) + g (n). (18)
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Constant Coefficients

How to Find Particular Solution?

The method to find the particular solution (m%p)) depends on f (n) as follows.

@ If f(n) in linear recurrence relation (14) is polynomial
f(n) = a1z + apx? + - ot = Zaimi'

then the corresponding particular solution (x%p)) has a similar form, which is

k

(zgp)) = Bo+ B+ Bor’® + -+ Brat = ZIB’LSC’L (19)

i=0

Coefficients 3; for i € {0,...,k} can be found by substituting (19) to (14).

MZI (SoC Tel-U) Simple Recurrence Relation March 2023 51 / 61



Constant Coefficients

@ If f(n) in linear recurrence relation (14) is

k

for some constants d, then the corresponding particular solution (x;’”) also

has a similar form, which is
f)y=d*y B (20)

Coefficients 8, for i € {0, ..., k} can be found by substituting (20) to (14).
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—_1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with

f(n) =
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—_1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

Pn =
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—_1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

pn = An + B, with A and B some constants

to get the particular solution of (21). By substituting p,, to (21) we have

DPn =
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—_1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

pn = An + B, with A and B some constants
to get the particular solution of (21). By substituting p,, to (21) we have

Pn = Sp’n—l + 2n
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

pn = An + B, with A and B some constants
to get the particular solution of (21). By substituting p,, to (21) we have

DPn = 3pn—1+2n
An+B = 3(A(n—-1)+B)+2n
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

pn = An + B, with A and B some constants
to get the particular solution of (21). By substituting p,, to (21) we have

DPn = Sp’n—l +2n
An+ B 3(A(n—1)+B)+2n
(24— 2)n+(34—2B) = 0,

so A=
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

pn = An + B, with A and B some constants
to get the particular solution of (21). By substituting p,, to (21) we have

DPn = Sp’n—l +2n
An+ B 3(A(n—1)+B)+2n
(24— 2)n+(34—2B) = 0,

so A= —1land B =
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

pn = An + B, with A and B some constants
to get the particular solution of (21). By substituting p,, to (21) we have

DPn = Sp’n—l +2n
An+ B 3(A(n—1)+B)+2n
(24— 2)n+(34—2B) = 0,

so A= —1land B= — % Thus, the particular solution is x%p) =
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Constant Coefficients

Example

Example

Find all solutions to recurrence relation

Ty, = 3Tp—1 + 2n. (21)

Recurrence relation (21) is a nonhomogeneous linear recurrence relation with
f(n) = 2n. Because f (n) is polynomial of degree 1, then we take

pn = An + B, with A and B some constants

to get the particular solution of (21). By substituting p,, to (21) we have

Pn = Sp’n—l +2n
An+B = 3(A(n—-1)+B)+2n
(-24-2)n+ (3A—-2B) = 0,
so A= —1land B= — % Thus, the particular solution is x%p) = —n-— %
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Constant Coefficients

Homogeneous solution to homogeneous recurrence relation that corresponds to
(21)
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Constant Coefficients

Homogeneous solution to homogeneous recurrence relation that corresponds to
(21)

Tp = 3Tp_1,

is x%h) =
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Constant Coefficients

Homogeneous solution to homogeneous recurrence relation that corresponds to
(21)

T = 3Tn_1,
is x%h) = (C'- 3™, for some constant C. So, by the theorem in previous section, the
general solution to (21) is
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Constant Coefficients

Homogeneous solution to homogeneous recurrence relation that corresponds to
(21)

Tp = 3Tp_1,

is x%h) = (C'- 3™, for some constant C. So, by the theorem in previous section, the

general solution to (21) is

z, = a 4P
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Constant Coefficients

Homogeneous solution to homogeneous recurrence relation that corresponds to
(21)

Tp = 3Tp_1,

is x%h) = (C'- 3™, for some constant C. So, by the theorem in previous section, the

general solution to (21) is

z, = a 4P
3
— C_3TL_ - _.
"3
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Constant Coefficients

Example

Find all solutions to recurrence relation

Ty = BTp—1 — 6Xp_o + 7", (22)
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Constant Coefficients

Example

Find all solutions to recurrence relation
Ty = BTp—1 — 6Xp_o + 7", (22)
Homogeneous solution of recurrence relation (22) is

2 —
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Constant Coefficients

Example

Find all solutions to recurrence relation

Ty = BTp_1 — 6Xp_o + 7",

Homogeneous solution of recurrence relation (22) is

M) =A.3"+B.2",

(22)

for some constants A and B. Because (22) is nonhomogeneous linear recurrence

relation with f (n) =
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Constant Coefficients

Example

Find all solutions to recurrence relation
Ty = BTp_1 — 6Xp_o + 7", (22)
Homogeneous solution of recurrence relation (22) is
M) =A.3"+B.2",

for some constants A and B. Because (22) is nonhomogeneous linear recurrence
relation with f (n) = 7", a particular solution we can try is

2P —

n o
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Constant Coefficients

Example

Find all solutions to recurrence relation
Ty = BTp_1 — 6Xp_o + 7", (22)
Homogeneous solution of recurrence relation (22) is
e =A.3"4+B.2",

for some constants A and B. Because (22) is nonhomogeneous linear recurrence
relation with f (n) = 7", a particular solution we can try is

xslp) =« - 7", for some constant «.
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Constant Coefficients

By substituting x%p) to (22), we have that

a7 = ba-T"t—6a- TV 4T,
multiply both sides by 72 to get
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Constant Coefficients

By substituting x%p) to (22), we have that

a7 = ba-T"t—6a- TV 4T,
multiply both sides by 72 to get
9a- -7 = 3ba-T"—6a-T"+49-7"
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Constant Coefficients

By substituting x%p) to (22), we have that

a7 = ba-T"t—6a- TV 4T,
multiply both sides by 72 to get
49a -7 = 3Ba-T"—6a-7T"+49-T"
20T = 49.7"
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Constant Coefficients

By substituting x%p) to (22), we have that

a- 7"

49 - T
200 - 7"

Thus, m%p) =

MZI (SoC Tel-U)

S5a- 7"t — 6 - T2 4T,
multiply both sides by 72 to get
35a-T" — 6 - TV +49 -7

497"
49
20°
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Constant Coefficients

By substituting x%p) to (22), we have that

a7 = ba-T"t—6a- TV 4T,
multiply both sides by 72 to get
49a -7 = 3Ba-T"—6a-7T"+49-T"
20 - T" 49 . 7"
49
a = o5

Thus, m%p) = % - 7", We have the general solution to (22) is

In ==

MZI (SoC Tel-U) Simple Recurrence Relation March 2023

56 / 61



Constant Coefficients

By substituting x%p) to (22), we have that

a- 7"

49 - T
200 - 7"

S5a- 7"t — 6 - T2 4T,
multiply both sides by 72 to get
35a-T" — 6 - TV +49 -7

497"
49
20°

Thus, m%p) = % - 7", We have the general solution to (22) is

Tn
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Constant Coefficients

By substituting x%p) to (22), we have that

a7 = ba-T"t—6a- TV 4T,
multiply both sides by 72 to get
49a -7 = 3Ba-T"—6a-7T"+49-T"
20 - T" 49 . 7"
49
a = o5

Thus, m%p) = % - 7", We have the general solution to (22) is

t, = x4 2P
49
= A-3"+B-2"4— -7
+ +20
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Constant Coefficients

Theorem Related to Particular Solution

Theorem
Suppose the sequence (z,,) satisfies nonhomogeneous linear recurrence relation
T = CL&n—1 + C3Bp-2 + -+ ChBn—k + f (1), (23)

with ¢; (i =1,2,...,k) is a real number and
f (TL) = (do o dm + d2n2 dooodk dtnt) Sn’

with d; (i =1,2,...,k) and s are real numbers, then

@ if s is not a root of characteristic equation of homogeneous recurrence
relation that corresponds to (23) then there is a particular solution in the
form of

(AO +An+Amn?+ -+ A_nt 4+ Atnt) s",
with Ag,..., A; € R.
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Constant Coefficients

@ if s a root with multiplicity m from characteristic equation of homogeneous
recurrence relation corresponded to (23) then there is a particular solution in
the form of

n™ (A(] + An+ An?+ -+ At 4+ Atnt) s",

with Ao,...,At € R.
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Constant Coefficients

Exercise

Exercise

Find the possible particular solution of nonhomogeneous linear recurrence relation

Tp =62p—1— 9zp_2+ f(n), (24)
if
Q f(n)=23",
Q@ f(n)=n-3"
Q f(n)=n?-2" and
Q@ f(n)=(n*+1) 3"
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Constant Coefficients

Homogeneous recurrence relation that corresponds to (24) is
Ty = 62p_1 — 9%p_2, (25)

Its characteristic equation is
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Constant Coefficients

Homogeneous recurrence relation that corresponds to (24) is
Ty = 62p_1 — 9%p_2, (25)

Its characteristic equation is AN —6A+9= 0, so we have its root is r = 3 (with
multiplicity 2). According to the theorem, we have homogeneous solution for (24)
is
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Constant Coefficients

Homogeneous recurrence relation that corresponds to (24) is
Ty = 62p_1 — 9%p_2, (25)

Its characteristic equation is AN —6A+9= 0, so we have its root is r = 3 (with
multiplicity 2). According to the theorem, we have homogeneous solution for (24)
is

2" = (A+ Bn)- 3.
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Constant Coefficients

@ For f(n) = 3", because 3 is a characteristic root with multiplicity 2 for
homogeneous linear recurrence relation (25), then according to the theorem,

the possible particular solution is of the form
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Constant Coefficients

@ For f(n) = 3", because 3 is a characteristic root with multiplicity 2 for

homogeneous linear recurrence relation (25), then according to the theorem,
the possible particular solution is of the form z{¥) = n? (Ap) - 3™

@ For f(n) =n-3™, because 3 is a characteristic root with multiplicity 2 for
homogeneous linear recurrence relation (25), then according to the theorem,

the possible particular solution is of the form
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Constant Coefficients

@ For f(n) = 3", because 3 is a characteristic root with multiplicity 2 for
homogeneous linear recurrence relation (25), then according to the theorem,
the possible particular solution is of the form z\”) = n2 (4, - 3™.

@ For f(n) =mn-3", because 3 is a characteristic root with multiplicity 2 for
homogeneous linear recurrence relation (25), then according to the theorem,
the possible particular solution is of the form ) = n2 (Ao + Ayn) - 3™

@ For f(n) =n?%-2", because 2 is not a characteristic root for homogeneous
linear recurrence relation (25), then according to the theorem, the possible

particular solution is of the form
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Constant Coefficients

For f (n) = 3™, because 3 is a characteristic root with multiplicity 2 for

homogeneous linear recurrence relation (25), then according to the theorem,

the possible particular solution is of the form z\”) = n2 (4, - 3™.

For f (n) =mn- 3™, because 3 is a characteristic root with multiplicity 2 for
homogeneous linear recurrence relation (25), then according to the theorem,
the possible particular solution is of the form ) = n2 (Ao + Ayn) - 3™
For f(n) = n?-2", because 2 is not a characteristic root for homogeneous
linear recurrence relation (25), then according to the theorem, the possible

particular solution is of the form z{?) = (Ao + Ain + Agn?) - 2™,

For f (n) = (n*+1) - 3", because 3 is a characteristic root with multiplicity
2 for homogeneous linear recurrence relation (25), then according to the
theorem, the possible particular solution is of the form
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Constant Coefficients

For f (n) = 3™, because 3 is a characteristic root with multiplicity 2 for

homogeneous linear recurrence relation (25), then according to the theorem,

the possible particular solution is of the form z\”) = n2 (4, - 3™.

For f (n) =mn- 3™, because 3 is a characteristic root with multiplicity 2 for
homogeneous linear recurrence relation (25), then according to the theorem,
the possible particular solution is of the form ) = n2 (Ao + Ayn) - 3™
For f(n) = n?-2", because 2 is not a characteristic root for homogeneous
linear recurrence relation (25), then according to the theorem, the possible

particular solution is of the form z{?) = (Ao + Ain + Agn?) - 2™,

For f (n) = (n*+1) - 3", because 3 is a characteristic root with multiplicity
2 for homogeneous linear recurrence relation (25), then according to the
theorem, the possible particular solution is of the form

{E%p) = ’fL2 (A() + Aln + A2n2) - 3",
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