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Definition

Definition
Given two nonempty sets A and B. A function from A to B is a relation that

associates every member of A into exactly one member of B. A function from A
to B can be written using the following notation

f : A—B
a—b withae Aandbe B
A function is also called as a mapping or a transformation. The notation f (a) = b
means that a is mapped (by f) to b.

The set A is called as a domain of f and written as dom (f), while set B is called
as codomain of f and is written as cod (f).
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Total Function and Partial Function

Total Function and Partial Function

o All functions in this course are assumed to be total functions, unless they are
specified otherwise.
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Total Function and Partial Function

Total Function and Partial Function
o All functions in this course are assumed to be total functions, unless they are
specified otherwise.

o A total function f: A — B is a function with the following property : f
associates each member of A with exactly one member of B. We have seen
so many examples of total function in high school, such as f: R — R where
fx)=x+1.
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Total Function and Partial Function

Total Function and Partial Function

o All functions in this course are assumed to be total functions, unless they are
specified otherwise.

o A total function f: A — B is a function with the following property : f
associates each member of A with exactly one member of B. We have seen
so many examples of total function in high school, such as f: R — R where
fx)=x+1.

@ A partial function is a function without total property, a partial function
f: A — B is a function with the following property: f associates each
member of A with at most one member of B. We also have seen an example
of a partial function in high school as well as Calculus, such as f: R — R

where f (z) = /.
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Total Function and Partial Function

Total Function and Partial Function

o All functions in this course are assumed to be total functions, unless they are
specified otherwise.

o A total function f: A — B is a function with the following property : f
associates each member of A with exactly one member of B. We have seen
so many examples of total function in high school, such as f: R — R where
fx)=x+1.

@ A partial function is a function without total property, a partial function
f: A — B is a function with the following property: f associates each
member of A with at most one member of B. We also have seen an example
of a partial function in high school as well as Calculus, such as f: R — R
where f (z) = v/z. Notice that dom (f) # R because f is undefined for
x < 0, for example, the value of f (—3) is undefined.
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Image (Map), Preimage (Pre-map), and Range

Let f: A— B and f(a) =bwitha € A and b € B, then
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Image (Map), Preimage (Pre-map), and Range

Let f: A— B and f(a) =bwitha € A and b € B, then

@ b is an image/map of a,
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Image (Map), Preimage (Pre-map), and Range

Let f: A— B and f(a) =bwitha € A and b € B, then
@ b is an image/map of a,

@ a is a preimage/pre-map of b.

MZI (SoC Tel-U) Function March 2023 7/73



Image (Map), Preimage (Pre-map), and Range
Let f: A— B and f(a) =bwitha € A and b € B, then

@ b is an image/map of a,

@ a is a preimage/pre-map of b.

A range of f, denoted as ran (f) or Im (f), is defined as
ran (f) =Im(f)={be B | b= f(a), for an a € A}. It is obvious that

ran (f) C cod (f).
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Image (Map), Preimage (Pre-map), and Range
Let f: A— B and f(a) =bwitha € A and b € B, then

@ b is an image/map of a,

@ a is a preimage/pre-map of b.

A range of f, denoted as ran (f) or Im (f), is defined as
ran (f) =Im(f)={be B | b= f(a), for an a € A}. It is obvious that

ran (f) C cod (f).

If fis a function from A to B, we say that f maps A to B.
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Functions: Definition and Representation

Equality of Two Functions

Definition
Two functions f and g are equal if

@ dom (f) = dom ()
@ cod (f) = cod (g)
@ for every x in domain, f(z) = g (x).

We consider the equality of two functions as the equality of sets (regarding a
function as a relation ).

Example
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Functions: Definition and Representation

Equality of Two Functions

Definition
Two functions f and g are equal if
@ dom (f) = dom ()
Q cod (f) = cod (g)
@ for every x in domain, f(z) = g (x).

We consider the equality of two functions as the equality of sets (regarding a
function as a relation ).

Example

A function f:Z — Z where f(z) =x+1and g: Q - Qwhere g(z) =z +1is
not equal, although they have the same formula.
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Functions: Definition and Representation

Equality of Two Functions

Definition
Two functions f and g are equal if
@ dom (f) = dom ()
Q cod (f) = cod (g)
@ for every x in domain, f(z) = g (x).

We consider the equality of two functions as the equality of sets (regarding a
function as a relation ).
Example

A function f:Z — Z where f(z) =x+1and g: Q - Qwhere g(z) =z +1is
not equal, although they have the same formula. This is because dom (f) = Z
while dom (g) = Q.
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Function as a Relation

@ A function is a relation with a special property.
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Function as a Relation

@ A function is a relation with a special property.

@ A binary relation f C A x B is a function if it satisfies the following property:
if (a,b) € f and (a,c) € f, then b = c. We write this in predicate logic as
(Va € A) (Vb€ B) (Ve e B) ((a,b) € fA(a,c) € f—=b=rc).
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Function as a Relation

@ A function is a relation with a special property.

@ A binary relation f C A x B is a function if it satisfies the following property:
if (a,b) € f and (a,c) € f, then b = c. We write this in predicate logic as
(Va € A) (Vb€ B) (Ve e B) ((a,b) € fA(a,c) € f—=b=rc).

@ A function is also a relation, therefore the properties of relation are applied
on function.
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Functions: Definition and Representation

A function can be represented in a form of:
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@ ordered pair,
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A function can be represented in a form of:

@ ordered pair,

@ assignment,
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Functions: Definition and Representation

A function can be represented in a form of:

@ ordered pair,
@ assignment,

@ a definition in natural language,
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Functions: Definition and Representation

A function can be represented in a form of:
ordered pair,
assignment,

a definition in natural language,

e 6 ¢ o

a definition in programming language,

MZI (SoC Tel-U) Function March 2023 10 / 73



Functions: Definition and Representation

A function can be represented in a form of:

ordered pair,

assignment,

°
°

@ a definition in natural language,

@ a definition in programming language,
°

an arrow diagram (if the domain and codomain of the function have finite
cardinality)
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Functions: Definition and Representation

A function can be represented in a form of:

®© 6 6 o o

ordered pair,

assignment,

a definition in natural language,

a definition in programming language,

an arrow diagram (if the domain and codomain of the function have finite
cardinality)

a matrix 0 — 1 (if the domain and codomain of the function have finite
cardinality)
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Functions: Definition and Representation

A function can be represented in a form of:

@ ordered pair,

@ assignment,

@ a definition in natural language,

@ a definition in programming language,

@ an arrow diagram (if the domain and codomain of the function have finite
cardinality)

@ a matrix 0 — 1 (if the domain and codomain of the function have finite
cardinality)

o a digraph (if the domain and codomain of the function are equal and have a
finite cardinality)

We have already seen the representation of ordered pair, arrow diagram, matrix,
and digraph in the course material about relation.
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Functions: Definition and Representation

Function as Ordered Pairs

As in a relation, a function can be represented as an ordered pair.

Example

A relation f ={(1,a),(2,b),(3,¢)} from set X ={1,2,3} to Y = {a,b,c} is a
function.
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Functions: Definition and Representation

Function as Ordered Pairs

As in a relation, a function can be represented as an ordered pair.

Example

A relation f ={(1,a),(2,b),(3,¢)} from set X ={1,2,3} to Y = {a,b,c} is a
function. We can write this function as f (1) = a, f(2) =b, and f (3) =c.

MZI (SoC Tel-U) Function March 2023 11 /73



Functions: Definition and Representation

Function as Ordered Pairs

As in a relation, a function can be represented as an ordered pair.

Example

A relation f ={(1,a),(2,b),(3,¢)} from set X ={1,2,3} to Y = {a,b,c} is a
function. We can write this function as f (1) = a, f(2) =b, and f (3) =c. We
have dom (f) = X, cod (f) =Y, and ran (f) =Im (f) =Y.

A relation g = {(1,a),(2,b),(3,b)} from set X = {1,2,3} to Y = {a,b,c} is a
function.
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Function as Ordered Pairs

As in a relation, a function can be represented as an ordered pair.

Example

A relation f ={(1,a),(2,b),(3,¢)} from set X ={1,2,3} to Y = {a,b,c} is a
function. We can write this function as f (1) =a, f(2) =b, and f(3) =c. We
have dom (f) = X, cod (f) =Y, and ran (f) =Im (f) =Y.
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Functions: Definition and Representation

Function as Ordered Pairs

As in a relation, a function can be represented as an ordered pair.

Example

A relation f ={(1,a),(2,b),(3,¢)} from set X ={1,2,3} to Y = {a,b,c} is a
function. We can write this function as f (1) = a, f(2) =b, and f (3) =c. We
have dom (f) = X, cod (f) =Y, and ran (f) =Im (f) =Y.

A relation g = {(1,a),(2,b),(3,b)} from set X = {1,2,3} to Y = {a,b,c} is a
function. We can write this function as g (1) = a, g(2) = b, and g (3) = b. We
have dom (¢g) = X, cod(g) =Y, and ran (g) = Im (g) = {a,b} C Y.

MZI (SoC Tel-U) Function March 2023 11 /73



Functions: Definition and Representation

Exercise: Function as Ordered Pairs

Exercise
Determine whether each of these relations is a function or not. If it is a function,
determine its domain, codomain, and range.
Q fis a relation from X = {1,2,3} to Y = {a, b, c} where
f= {(1’0') ) (2’0') ) (3a a)}
@ g is a relation from X = {1,2,3} to Y = {a, b, c} where
g=1{1,a),(2,0),(2,¢),(3,0)}.
@ his a relation from X = {1,2,3} to Y = {a, b, c} where h = {(1,a),(2,¢)}.
Q ks a relation from X = {1,2,3} to Y = {a, b, c} where
E={(1,a),(2,b),(2,¢)}.
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Functions: Definition and Representation

Solution:

@ f is a function from X to Y where dom (f) = X, cod (f) =Y,
ran () = Im (f) = {a}.
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Functions: Definition and Representation

Solution:

@ fis a function from X to Y where dom (f) = X, cod (f) =Y,
van () = Im (f) = {a}.
@ g is not a function from X to Y because (2,b) € g and (2,¢) € g, however,

b # c.
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Functions: Definition and Representation

Solution:

@ f is a function from X to Y where dom (f) = X, cod (f) =Y,
ran (f) = Im (f) = {a}.

@ g is not a function from X to Y because (2,b) € g and (2,¢) € g, however,
b # c. In other words, (2,b0) € g A (2,¢) € g — b = cis false.
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Functions: Definition and Representation

Solution:

@ f is a function from X to Y where dom (f) = X, cod (f) =Y,
ran (f) = Im (f) = {a}.

@ g is not a function from X to Y because (2,b) € g and (2,¢) € g, however,
b # c. In other words, (2,b0) € g A (2,¢) € g — b = cis false.

@ h is not a function from X to Y because there is no y € Y such that
(3,y) € h, or h(3) is undefined.

MZI (SoC Tel-U) Function March 2023 13 /73



Functions: Definition and Representation

Solution:

@ f is a function from X to Y where dom (f) = X, cod (f) =Y,
ran (f) = Im (f) = {a}.

@ g is not a function from X to Y because (2,b) € g and (2,¢) € g, however,
b # c. In other words, (2,b0) € g A (2,¢) € g — b = cis false.

@ h is not a function from X to Y because there is no y € Y such that
(3,y) € h, or h(3) is undefined. Here, h is not a (total) function, but we can
consider it as a partial function.
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Functions: Definition and Representation

Solution:

@ f is a function from X to Y where dom (f) = X, cod (f) =Y,
ran (f) = Im (f) = {a}.

@ g is not a function from X to Y because (2,b) € g and (2,¢) € g, however,
b # c. In other words, (2,b0) € g A (2,¢) € g — b = cis false.

@ h is not a function from X to Y because there is no y € Y such that
(3,y) € h, or h(3) is undefined. Here, h is not a (total) function, but we can
consider it as a partial function.

@ £k is not a function from X to Y because:
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Functions: Definition and Representation

Solution:

@ f is a function from X to Y where dom (f) = X, cod (f) =Y,
ran (f) = Im (f) = {a}.

@ g is not a function from X to Y because (2,b) € g and (2,¢) € g, however,
b # c. In other words, (2,b0) € g A (2,¢) € g — b = cis false.

@ h is not a function from X to Y because there is no y € Y such that
(3,y) € h, or h(3) is undefined. Here, h is not a (total) function, but we can
consider it as a partial function.

@ £k is not a function from X to Y because:
o (2,b) €k and (2,c) €k, but b#c
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Functions: Definition and Representation

Solution:

@ f is a function from X to Y where dom (f) = X, cod (f) =Y,
ran (f) = Im (f) = {a}.

@ g is not a function from X to Y because (2,b) € g and (2,¢) € g, however,
b # c. In other words, (2,b0) € g A (2,¢) € g — b = cis false.

@ h is not a function from X to Y because there is no y € Y such that
(3,y) € h, or h(3) is undefined. Here, h is not a (total) function, but we can
consider it as a partial function.

@ £k is not a function from X to Y because:

o (2,b) €k and (2,c) €k, but b#c
o there is no y € Y such that (3,y) € k, or k(3) is undefined.

MZI (SoC Tel-U) Function March 2023 13 /73



Functions: Definition and Representation

Function Representation with Assignment Formula

The most usual way to represent a function is by assignment formula.

Example

Let f,g,h : Z — 7Z be relations defined as below:
@ f(@)=z+1
Q g(z) =2
Q h(z)=3—1

Relations f, g, h are functions. We have
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Functions: Definition and Representation

Function Representation with Assignment Formula

The most usual way to represent a function is by assignment formula.

Example

Let f,g,h : Z — 7Z be relations defined as below:
@ f(@)=z+1
Q g(z) =2
Q h(z)=3—1

Relations f, g, h are functions. We have

@ f(x) =+ 1 means that every x € Z is associated (mapped) to = + 1,
obviously (z + 1) € Z.
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Functions: Definition and Representation

Function Representation with Assignment Formula

The most usual way to represent a function is by assignment formula.

Example

Let f,g,h : Z — 7Z be relations defined as below:
@ f(@)=z+1
Q g(z) =2
Q h(z)=3—1

Relations f, g, h are functions. We have

@ f(x) =+ 1 means that every x € Z is associated (mapped) to = + 1,
obviously (z + 1) € Z.

Q g (z) = 2° means that every z € Z is associated (mapped) to z3, obviously
z3 € Z.
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Functions: Definition and Representation

Function Representation with Assignment Formula

The most usual way to represent a function is by assignment formula.

Example

Let f,g,h : Z — 7Z be relations defined as below:
@ f(@)=z+1
Q g(z) =2
Q h(z)=3—1

Relations f, g, h are functions. We have

@ f(x) =+ 1 means that every x € Z is associated (mapped) to = + 1,
obviously (z + 1) € Z.

Q g (z) = 2° means that every z € Z is associated (mapped) to z3, obviously
z3 € Z.

@ h(x) =3 — x means that every « € Z is associated (mapped) to 3 — z,
obviously 3 —z € Z.
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Exercise: Function Representation with Assignment

Formula

Exercise
Determine whether each of these relations is a function or not. If it is a function,
determine its domain, codomain, and range.

Q f:7Z — 7 where f (z) = 2.
Q g:Z — Z where g(z) = L.
Q h:Q" — QF where h(z) =

Q k:Q" - QF where k (z) = \/x.

1
=
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Functions: Definition and Representation

Solution:

@ f:7Z — Z with f(z) = 22 is a function, where dom (f) = Z, cod (f) = Z,
and ran (f) = Im (f) =
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Functions: Definition and Representation

Solution:
Q f:Z — Z with f(z )—x2 is a function, where dom (f) = Z, cod (f) = Z,
andran (f) =Im(f) = {y€Z|y=a*foranz € Z} = {2? | z € Z}.
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Functions: Definition and Representation

Solution:

@ f:7Z — Z with f(z) = 22 is a function, where dom (f) = Z, cod (f) = Z,
andran (f) =Im(f) = {y€Z|y=a*foranz € Z} = {2? | z € Z}.
Therefore, ran (f) or Im (f) is a set of all non-negative integers that are
perfect squares.
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Functions: Definition and Representation

Solution:
Q f:Z — Z with f(z )—x2 is a function, where dom (f) = Z, cod (f) = Z,
and ran (f) =Im (f {yEZ\y—fooranxGZ} {2? | z € Z}.

Therefore, ran (f) or Im (f) is a set of all non-negative integers that are

perfect squares.

Q g:7Z — Z with g(z) = 1 is not a function, because g (0) is undefined. g is a

partial function, because if = 1 or x = —1, so the value of g (z) is defined
and has a single value.
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Functions: Definition and Representation

Solution:
Q f:Z — Z with f(z )—x2 is a function, where dom (f) = Z, cod (f) = Z,
and ran (f) =Im (f {yEZ\y—fooranxGZ} {2? | z € Z}.

Therefore, ran (f) or Im (f) is a set of all non-negative integers that are

perfect squares.

Q g:7Z — Z with g(z) = 1 is not a function, because g (0) is undefined. g is a

partial function, because if = 1 or x = —1, so the value of g (z) is defined
and has a single value.
Q@ h:Q" — QT with h(z) = 1 is a function, where dom (h) = Q,
cod (h) = QT, and
ran (h) =Im (h) =
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Functions: Definition and Representation

Solution:
Q f:Z — Z with f(z )—x2 is a function, where dom (f) = Z, cod (f) = Z,
and ran (f) =Im (f {yEZ\y—fooranxGZ} {2? | z € Z}.

Therefore, ran (f) or Im (f) is a set of all non-negative integers that are

perfect squares.

Q g:7Z — Z with g(z) = 1 is not a function, because g (0) is undefined. g is a

partial function, because if = 1 or x = —1, so the value of g (z) is defined
and has a single value.

Q@ h:Q" — QT with h(z) = 1 is a function, where dom (h) = Q,
cod (h) = QT, and
ran(h) =Im (k) = {y € QF |y =1 foran 2 € QT} = QT, because for
every y € QT there is x € QT such that zy = 1. Therefore, ran (h) or
Tm (h) is Q.
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Functions: Definition and Representation

Solution:
Q f:7Z— Zwith f(x ) = 22 is a function, where dom (f) = Z, cod (f) = Z,
and ran (f) =Im (f {yEZ\y—fooraanZ} {2* |z € Z}.

Therefore, ran (f) or Im (f) is a set of all non-negative integers that are

perfect squares.

Q@ g:Z — Z with g (x) = 2 is not a function, because g (0) is undefined. g is a

partial function, because if = 1 or x = —1, so the value of g (z) is defined
and has a single value.

Q@ h: Q" — QF with h(z) = L is a function, where dom (h) = Q,
cod (h) = QT, and
ran(h) =Im (k) = {y € QF |y =1 foran 2 € QT} = QT, because for
every y € QT there is x € QT such that zy = 1. Therefore, ran (h) or
m (h) is QF.

Q k:Q" — QF with k (2) = /7 is not a function, because k (2) is undefined.
This happens because k (2) = v/2 ¢ Qt (remember that v/2 is an irrational
number). k is a partial function, because if \/z is defined and \/z € QT,
then it has a single value.
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Function Representation in Natural Language

Let f:Z — Z with f (x) = 2%. Then f can be described in natural language as:
“f maps each integer to its square”.
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Functions: Definition and Representation

We can see that it is simpler to write a function in assignment formula, rather
than natural language, but it is not always the case.

Example

Let A = {x | = is a string of length 5 whose characters are in {0,1,2}}. A

function f : A — Ny is defined as the number of character of 2 within a string z.
For example:

Q f(21222) =
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Functions: Definition and Representation

We can see that it is simpler to write a function in assignment formula, rather
than natural language, but it is not always the case.

Example

Let A = {x | = is a string of length 5 whose characters are in {0,1,2}}. A
function f : A — Ny is defined as the number of character of 2 within a string z.
For example:

Q f(21222) =4
Q f(21202) =
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Functions: Definition and Representation

We can see that it is simpler to write a function in assignment formula, rather
than natural language, but it is not always the case.

Example

Let A = {x | = is a string of length 5 whose characters are in {0,1,2}}. A

function f : A — Ny is defined as the number of character of 2 within a string z.
For example:

Q f(21222) =4
Q f(21202) =3
Q f(02102) =
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Functions: Definition and Representation

We can see that it is simpler to write a function in assignment formula, rather
than natural language, but it is not always the case.
Example

Let A = {x | = is a string of length 5 whose characters are in {0,1,2}}. A
function f : A — Ny is defined as the number of character of 2 within a string z.
For example:

Q f(21222) =4
Q f(21202) =3
Q /(02102) = 2.

f can also be written in assignment formula representation.
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Functions: Definition and Representation

We can see that it is simpler to write a function in assignment formula, rather
than natural language, but it is not always the case.

Example

Let A = {x | = is a string of length 5 whose characters are in {0,1,2}}. A
function f : A — Ny is defined as the number of character of 2 within a string z.
For example:

Q f(21222) =4
Q f(21202) =3
Q /(02102) = 2.

f can also be written in assignment formula representation. Let x = z1zoz3247T5

f(z) = f (z122230425) =

MZI (SoC Tel-U) Function March 2023 18 / 73



Functions: Definition and Representation

We can see that it is simpler to write a function in assignment formula, rather
than natural language, but it is not always the case.

Example

Let A = {x | = is a string of length 5 whose characters are in {0,1,2}}. A
function f : A — Ny is defined as the number of character of 2 within a string z.
For example:

Q f(21222) =4
Q f(21202) =3
Q /(02102) = 2.

f can also be written in assignment formula representation. Let x = z1zoz3247T5

f(z) = f(z1z2z3zams) = {2 | (i =2)A (1 <i<5)}.
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Functions: Definition and Representation

Function Representation in Programming Language

3r+1, xzisodd

%, T is even

Let f : Z — Z be a function with f (z) = . This function

can be written in Python language as follows:

Function f in Python
Q def f(x):
if (x%2 == 1):
return (3 * x + 1)
else:

return (x // 2)

0000
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Injective, Surjective, and Bijective Function Injective Function

Injective Function

Definition (Injective function)

Let f: A — B be a function, f is injective (one-to-one) if every element in the
domain of f is mapped to a different element in B, or in other words, for every
x1, T2 € dom (f) we have: if 1 # x2 then f(z1) # f (x2); we write it in
predicate logic as follows:

(Vx1) Vo) (z1 # 22 — f (x1) # f (x2)), which is equivalent to
(Vz1) (Vz2) (f (1) = f (22) — 21 = 22).

If f is an injective function, then f is also called an injection.
Remark

Note that f : A — B is injective if there is no two different elements in A
that has the same image.
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Injective, Surjective, and Bijective Function Injective Function

Examples of Injective Function

Example
Let A= {a,b,c,d} and B =1{1,2,3,4,5}. A function f: A — B defined as
@) =1, f(b) =3, f(c) =5, and [ (d) = 2

is an injective function, because there is no two elements in A with the same

image. We have: if x # y then f (z) # f (y). An arrow diagram from this
function can be described as follows
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Injective, Surjective, and Bijective Function Injective Function

Examples of Injective Function

Example
Let A= {a,b,c,d} and B =1{1,2,3,4,5}. A function f: A — B defined as
@) =1, f(b) =3, f(c) =5, and [ (d) = 2

is an injective function, because there is no two elements in A with the same
image. We have: if x # y then f (z) # f (y). An arrow diagram from this
function can be described as follows

A B

o o T o
N
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Injective, Surjective, and Bijective Function Injective Function

Checking the Injectivity of a Function

Q To prove f is injective, we show that if f (x1) = f (x2) then z1 = x5.

@ To prove f is not injective, we must find 1,22 € dom (f) with 21 # 25 that
satisfies f (z1) = f (x2).
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Injective Function
Exercise

Exercise
Check whether the following functions are injective:
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
f={1,w),(2,u),(3,v)}.
Q@ f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f={1,%),(2,u),(3,v)}.
Q f:Z— Z where f(x) =22 + 1.
Q f:Z— Z where f(z)=x—1.

Solution:
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Injective Function
Exercise

Exercise
Check whether the following functions are injective:
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
F=1{(1,w),2,u),(3,0)}
Q@ f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
F= 11w, 2u), (3,0},
Q f:Z— Z where f(x) =22 + 1.
Q f:Z— Z where f(z)=x—1.
Solution:
@ f is injective, because f (1) =w, f(2) =u, and f (3) = v,
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Injective Function
Exercise

Exercise
Check whether the following functions are injective:
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
f={1,w),(2,v),3,v)}
Q f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f={1u),(2,u),3,v)}
Q f:Z— Z where f(x) =22 + 1.
Q f:Z— Z where f(z)=x—1.
Solution:

@ f is injective, because f (1) = w, f(2) =wu, and f (3) = v, there is no
a1,as € A with a1 # ag and f (a1) = f (a9).
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Injective Function
Exercise

Exercise
Check whether the following functions are injective:
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
f={1,w),(2,u),(3,v)}.
Q@ f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f={1,%),(2,u),(3,v)}.
Q f:Z— Z where f(x) =22 + 1.
Q f:Z— Z where f(z)=x—1.
Solution:
@ f is injective, because f (1) = w, f(2) =wu, and f (3) = v, there is no
a1,as € A with a1 # ag and f(
@ [ is not injective, because 1 # 2 but f
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Injective Function
Exercise

Exercise
Check whether the following functions are injective:
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
f={1,w),(2,u),(3,v)}.
Q@ f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f={1,%),(2,u),(3,v)}.
Q f:Z— Z where f(x) =22 + 1.
Q f:Z— Z where f(z)=x—1.

Solution:
@ f is injective, because f (1) = w, f(2) =wu, and f (3) = v, there is no
a1,as € A with a1 # ag and f(a1) = f (a )
@ / is not injective, because 1 # 2 but f (1) = :
@ [ is not injective, because —1 # 1 but f(—1) = f (1) = 2.
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Injective Function
Exercise

Exercise
Check whether the following functions are injective:
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
f={1,w),(2,u),(3,v)}.
Q@ f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f={1,%),(2,u),(3,v)}.
Q f:Z— Z where f(x) =22 + 1.
Q f:Z— Z where f(z)=x—1.

Solution:
@ f is injective, because f (1) = w, f(2) =wu, and f (3) = v, there is no
a1,as € A with a1 # ag and f(a1) = f (a )
@ / is not injective, because 1 # 2 but f (1) = :
@ [ is not injective, because —1 # 1 but f(—1) = f (1) = 2.
@ f is injective, because we have:

f(z1) = f(22) =
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Injective Function
Exercise

Exercise
Check whether the following functions are injective:
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
f={1,w),(2,u),(3,v)}.
Q@ f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f={1,%),(2,u),(3,v)}.
Q f:Z— Z where f(x) =22 + 1.
Q f:Z— Z where f(z)=x—1.

Solution:
@ f is injective, because f (1) = w, f(2) =wu, and f (3) = v, there is no
a1,as € A with a1 # ag and f(a1) = f (a )
@ / is not injective, because 1 # 2 but f (1) = :
@ [ is not injective, because —1 # 1 but f(—1) = f (1) = 2.
@ f is injective, because we have:
f)=f(z)=a1-1=22-1=
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Injective Function
Exercise

Exercise

Check whether the following functions are injective:

Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w,z}, and
f= {(17w)7(2au)’(37v)}'

Q@ f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f= {(1’1‘)7(2’“)’(37@)}'

Q f:Z— Z where f(x) =22 + 1.

Q f:Z— Z where f(z)=x—1.

Solution:
@ f is injective, because f (1) = w, f(2) =wu, and f (3) = v, there is no
a1,as € A with a1 # ag and f(a1) = f (a )
@ / is not injective, because 1 # 2 but f (1) = f (2 ) =
@ [ is not injective, because —1 # 1 but f(—1) = f(1 )
@ f is injective, because we have:
f(z1) = f(x2) =21 —1=29—1= 21 = x2. So,

f(x1) = f(x2) = 21 = x9.
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Surjective Function
Contents

© Injective, Surjective, and Bijective Function

@ Surjective Function
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Surjective Function

Definition (Surjective function)

Let f: A — B be a function, f is surjective (onto) if for every b € B there exist
a € A such that f (a) = b; we can write in predicate logic formula as

VYy3z (y = f(x)), withz € A and y € B.
If f is surjective, then f is called a surjection.

Remark

Note that f : A — B is surjective (onto) if every elements in B has at least
one preimage. We can also say that f : A — B is surjective if
ran (f) =Im (f) = B.
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Injective, Surjective, and Bijective Function Surjective Function

Example of Surjective Function

Example

Let A ={a,b,c,d} and B = {1,2,3}. A function f: A — B defined as
fla)=1,f()=3 f(c)=1 and f(d) =2

is surjective, because for every y € B there exists « € A such that f (z) = y. For

y =1, we have f(a) =1 (and f (c) = 1). Also, for y = 2, we have f (d) = 2.
Lastly, for y = 3, we have f (b) = 3.
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Injective, Surjective, and Bijective Function Surjective Function

Example of Surjective Function

Example
Let A ={a,b,c,d} and B = {1,2,3}. A function f: A — B defined as
fla)=1,f()=3 f(c)=1 and f(d) =2

is surjective, because for every y € B there exists « € A such that f (z) = y. For
y =1, we have f(a) =1 (and f (c) = 1). Also, for y = 2, we have f (d) = 2.
Lastly, for y = 3, we have f (b) = 3.

A B
a & 1
b 2
c 3
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Injective, Surjective, and Bijective Function Surjective Function

Checking the Surjectivity of a Function

@ To prove that f is surjective, we show that if y € B then there is always an
element « € A such that f (z) = v.
We can also conclude that f is surjective if ran (f) = B.

Q To prove that f is not surjective, we must find y € B that satisfies y # f ()
for all z € dom (f).
We can also conclude that f is not surjective if ran (f) # B (in this case,
ran (f) C B).
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Exercise

Exercise
Check whether the following functions are surjective.
Q f:A— Bwhere A={1,2,3} and B = {u,v,w,z} and
f={1,w),(2v),3,v)}
Q@ f:A— Bwhere A=1{1,2,3} and B = {u,v,w} and
f= {(1,11)) ) (Qa u) ’ (3,’0)}.
Q f:7 — 7 where f(z) =22+ 1.
Q f:Z— Z where f(z)=x—1.
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Injective, Surjective, and Bijective Function Surjective Function

Solution:

@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.
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Injective, Surjective, and Bijective Function Surjective Function

Solution:

@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.

@ f is surjective because all b € B have preimage. We have u = f (2),

v=f(3),and w= f(1).
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Injective, Surjective, and Bijective Function Surjective Function

Solution:

@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.

@ f is surjective because all b € B have preimage. We have u = f (2),
v=f(3),and w= f(1).

@ [ is not surjective because not all y € Z have preimage.
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Injective, Surjective, and Bijective Function Surjective Function

Solution:

@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.

@ f is surjective because all b € B have preimage. We have u = f (2),
v=f(3),and w= f(1).

@ [ is not surjective because not all y € Z have preimage. One of the
counterexample is y =
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Injective, Surjective, and Bijective Function Surjective Function

Solution:

@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.

@ f is surjective because all b € B have preimage. We have u = f (2),
v=f(3),and w= f(1).

@ [ is not surjective because not all y € Z have preimage. One of the
counterexample is y = — 1. There is no x € Z satisfies f (z) = —1,
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Injective, Surjective, and Bijective Function Surjective Function

Solution:
@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.
@ f is surjective because all b € B have preimage. We have u = f (2),
v=f(3),and w= f(1).
@ [ is not surjective because not all y € Z have preimage. One of the

counterexample is y = — 1. There is no x € Z satisfies f (x) = —1, because
this gives 22 +1 = —1 = 22 = 2.
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Injective, Surjective, and Bijective Function Surjective Function

Solution:
@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.
@ f is surjective because all b € B have preimage. We have u = f (2),
v=f(3),and w= f(1).
@ [ is not surjective because not all y € Z have preimage. One of the

counterexample is y = — 1. There is no x € Z satisfies f (x) = —1, because
this gives 22 +1 = —1 = 22 = 2.

@ [ is surjective because every y € Z has preimage. For every y € Z we can
choose = =
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Injective, Surjective, and Bijective Function Surjective Function

Solution:
@ /f is not surjective because x € B does not have a preimage, or there is no
a € A such that f (a) = z.
@ f is surjective because all b € B have preimage. We have u = f (2),
v=f(3),and w= f(1).
@ [ is not surjective because not all y € Z have preimage. One of the

counterexample is y = — 1. There is no x € Z satisfies f (x) = —1, because
this gives 22 +1 = —1 = 22 = 2.

@ [ is surjective because every y € Z has preimage. For every y € Z we can
choose © =y + 1suchthat f(z)=f(y+1)=(y+1)—-1=y.
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Injective, Surjective, and Bijective Function Bijective Function

Bijective Function

Definition (Bijective function)

Let f: A — B be a function, f is bijective (one to one correspondence) if f is
both injective and surjective. If f is bijective, then f is called a bijection.

MZI (SoC Tel-U) Function March 2023 33 /73



Injective, Surjective, and Bijective Function Bijective Function

Bijective Function Example

Example
Let A= {a,b,c,d} and B = {1,2,3,4}. A function f : A — B defined as
fla)=4,f(b) =1, f(c)=3 and f(d) =2

is bijective because f is both injective and surjective. Function f is injective
because there is no z,y € A with f (z) = f (y) but = # y. Also, f is surjective
because every y € B has preimage. We have 1 = f (b), 2 = f(d), 3= f(¢), and
4= f(a).
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Injective, Surjective, and Bijective Function Bijective Function

Bijective Function Example

Example
Let A= {a,b,c,d} and B = {1,2,3,4}. A function f : A — B defined as

fla)=4,f(b) =1, f(c)=3 and f(d) =2

is bijective because f is both injective and surjective. Function f is injective
because there is no z,y € A with f (z) = f (y) but = # y. Also, f is surjective
because every y € B has preimage. We have 1 = f (b), 2 = f(d), 3= f(¢), and
4= f(a).
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Exercise

Exercise
Check whether these functions are bijective or not.
Q f:A— Bwhere A={1,2,3} and B = {u,v,w}, and
f={1,v),(2,w),(3,v)}
Q@ f:A— Bwhere A={1,2,3} and B = {u, v}, and
f= {(17u) ) (Qa u) ’ (370)}'
Q f:Z — 7Z where f(z)=2—1.
Q f:Z — Z where f(x) = 2z.
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Injective, Surjective, and Bijective Function Bijective Function

Solution:

@ We have f (1) =u, f(2) =w, and f(3) = v. There is no a1, az € A with
a1 # ag but f(a1) = f(a2), then f is injective. In addition, for every b € B
there exists a € A such that b = f (a), then f is surjective. Because f
injective and surjective, then f is bijective.
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Injective, Surjective, and Bijective Function Bijective Function

Solution:

@ We have f (1) =u, f(2) =w, and f(3) = v. There is no a1, az € A with
a1 # ag but f(a1) = f(a2), then f is injective. In addition, for every b € B
there exists a € A such that b = f (a), then f is surjective. Because f
injective and surjective, then f is bijective.

@ [ is not bijective because f is not injective. We have 1 # 2 but

f) =12 =u
e
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Injective, Surjective, and Bijective Function Bijective Function

Solution:

@ We have f (1) =u, f(2) =w, and f(3) = v. There is no a1, az € A with
a1 # ag but f(a1) = f(a2), then f is injective. In addition, for every b € B
there exists a € A such that b = f (a), then f is surjective. Because f
injective and surjective, then f is bijective.

@ [ is not bijective because f is not injective. We have 1 # 2 but
fA)=1(2)=u

@ [ is injective because: f(z1) = f(x2) => 21 —1=29— 1= 21 =29. We
also have f is surjective because for every y € Z we can choose z =y + 1 so
that f(z)=f(y+1)=y+1—1=y. Hence, f is bijective.
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Injective, Surjective, and Bijective Function Bijective Function

Solution:

@ We have f (1) =u, f(2) =w, and f(3) = v. There is no a1, az € A with
a1 # ag but f(a1) = f(a2), then f is injective. In addition, for every b € B
there exists a € A such that b = f (a), then f is surjective. Because f
injective and surjective, then f is bijective.

@ [ is not bijective because f is not injective. We have 1 # 2 but
f=12)=u

@ [ is injective because: f(z1) = f(x2) => 21 —1=29— 1= 21 =29. We
also have f is surjective because for every y € Z we can choose z =y + 1 so
that f(z)=f(y+1)=y+1—1=y. Hence, f is bijective.

@ [ is not bijective because f is not surjective. There is no z € Z such that
f(x) =1. If there is € Z such that f (z) = 1, then we have
f@)=2z=1s00=3¢&LZ.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Contents

© Injective, Surjective, and Bijective Function

o Exercise: Injective, Surjective, and Bijective Function
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

a./ | M (
N

Solution:
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

a./ | M (
N

Solution:

@ Relation a. is not a function.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

a./ M
\TW Y

Solution:

@ Relation a. is not a function.

@ Relation b. is not a (total) function, but a bijective partial function.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

i A b.M\ [

N C .,
YinvARY

Solution:

@ Relation a. is not a function.
@ Relation b. is not a (total) function, but a bijective partial function.

@ Relation c. is a function but not injective neither surjective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

a-/ M "/l-—[n\
' \P—'—r*'\

ﬁ/"

Solution:
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

a/ M "/l-—[n\
' \P—'—r*'\

ﬁ/"

Solution:

@ Relation a.is not a function.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

d R
| \P—'—r*'\

ﬁ/'

Solution:

@ Relation a.is not a function.

@ Relation b. is a surjective function, but not injective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

d R
| \P—'—r*'\

ﬁ/'

Solution:

@ Relation a.is not a function.
@ Relation b. is a surjective function, but not injective.
@ Relation c. is a bijective function.

MZI (SoC Tel-U) Function
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

) / /M [ /%\
\7’” UV

Solution:
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise
From the following relations, which function is injective, surjective, or bijective?

) Q//,\ r/%\
\7’” Y "\H/

Solution:

@ Relation a. is a surjective function, but not injective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise
From the following relations, which function is injective, surjective, or bijective?

) Q//,\ r/%\
\7’” Y "\H/

Solution:

@ Relation a. is a surjective function, but not injective.

@ Relation b. is an injective function, but not surjective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

From the following relations, which function is injective, surjective, or bijective?

) Q//,\ r/%\
\7’” Y "\H/

Solution:

@ Relation a. is a surjective function, but not injective.
@ Relation b. is an injective function, but not surjective.

@ Relation c. is a bijective function.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

Check whether the relation f that is described by the following arrow diagram is a
function. If so, determine whether f is injective, surjective, or bijective.

Q1 fis 2. fis:

Solution:
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

Check whether the relation f that is described by the following arrow diagram is a
function. If so, determine whether f is injective, surjective, or bijective.

Q1 fis 2. fis:
Solution:

@ f is a function from A to B and injective (because image of every x € A is
different) but not surjective because 2 € B does not have a preimage. So, f
is not bijective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

Check whether the relation f that is described by the following arrow diagram is a
function. If so, determine whether f is injective, surjective, or bijective.

Q1 fis 2. fis:
Solution:

@ f is a function from A to B and injective (because image of every x € A is
different) but not surjective because 2 € B does not have a preimage. So, f
is not bijective.

@ f is a function from A to B and surjective (because every y € B has a
preimage) but not injective because f (a) = f (d) = 2. So, f is not bijective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

Check whether f, represented as arrow diagram, is a function or not. If it is,
check whether f is injective, surjective, or bijective.

1. fis: 2. fis:

A B A B
—] “—
) 1~ L =
— N
Solution:
MZI (SoC Tel-U) Function
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

Check whether f, represented as arrow diagram, is a function or not. If it is,
check whether f is injective, surjective, or bijective.

1. fis: 2. fis:
A B A B
S T

| = =
— e\
Solution:

@ f is not an injective function because f (a) = f (d) = 2. Also, f is not a

surjective function because 4 € B does not have a preimage. So, f is not
bijective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Exercise

Check whether f, represented as arrow diagram, is a function or not. If it is,
check whether f is injective, surjective, or bijective.

1. fis: 2. fis:
A B A B
S T

| = =
— e\
Solution:

@ f is not an injective function because f (a) = f (d) = 2. Also, f is not a
surjective function because 4 € B does not have a preimage. So, f is not
bijective.

@ f is not a function, because (a,1) € f and (a,2) € f. So, f is not injective,
surjective, nor bijective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise

Check whether the following functions are injective, surjective, bijective, or none
of them.

Q f:Z— Z with f(z) =2z +3.
@ f:Z — Ny with f (x) = |z|, the notation |z| denotes the absolute value of z.
Q f:Z — Zwith f(z) =22+ 2.
Q f:Q— Quwith f(z)=2z+1.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:

f(z1) = f(22) =
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
[(z1) = f(22) = 221 +3=222+3 =

MZI (SoC Tel-U) Function March 2023 44 /73



Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(iCl) :f(ibg) =221+ 3 =222+ 3 = 2z =2z =
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(x2) = 221 +3 =222+ 3 = 221 = 2w3 = 21 = z2. But fis not
surjective. There is no « € Z such that f (z) = 0.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:
@ f is injective. Notice that:
f(z1) = f(x2) = 221 +3 =222+ 3 = 221 = 2w3 = 21 = z2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f (z) =2z +3 =0,

MZI (SoC Tel-U) Function March 2023 44 /73



Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that

satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f(—1) = f (1) =|-1| = |1]| = 1.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f(—1) = f (1) = |-1] = [1] = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f(—1) = f (1) = |-1] = [1] = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f(—1) = f (1) = 3.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f(—1) = f (1) = |-1] = [1] = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f(—1) = f (1) = 3. Moreover f is not surjective
because there is no = € Z such that f (z) = 0.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f(—1) = f (1) = |-1] = [1] = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f(—1) = f (1) = 3. Moreover f is not surjective
because there is no = € Z such that f (z) = 0. If there is x € Z satisfies
f(z) =0, then f(z) = 22 +2 =0 = 22 = —2, which is not possible for all
x € Z.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f (—1) = f (1) = |—-1| = |1| = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f (—1) = f (1) = 3. Moreover f is not surjective
because there is no = € Z such that f (z) = 0. If there is x € Z satisfies
f(z) =0, then f(z) = 22 +2 =0 = 22 = —2, which is not possible for all
x € Z.

@ f is injective because
f(f,Ul) :f(LEg) =2x1+1=222+1= 2z =229 = 1 = 2.
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f (—1) = f (1) = |—-1| = |1| = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f (—1) = f (1) = 3. Moreover f is not surjective
because there is no = € Z such that f (z) = 0. If there is x € Z satisfies
f(z) =0, then f(z) = 22 +2 =0 = 22 = —2, which is not possible for all
x € Z.

@ f is injective because
f(z1)=f(x2) =201 +1 =220+ 1= 221 =229 = x1 = x2. The
function f is surjective because for every y € QQ, we can choose x =
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f (—1) = f (1) = |—-1| = |1| = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f (—1) = f (1) = 3. Moreover f is not surjective
because there is no = € Z such that f (z) = 0. If there is x € Z satisfies
f(z) =0, then f(z) = 22 +2 =0 = 22 = —2, which is not possible for all
x € Z.

@ f is injective because
f(z1)=f(x2) =201 +1 =220+ 1= 221 =229 = x1 = x2. The
function f is surjective because for every y € QQ, we can choose x = yT_l € Q.
So, f (x) =
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no z € Z such that f (z) = 0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f (—1) = f (1) = |—-1| = |1| = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f (—1) = f (1) = 3. Moreover f is not surjective
because there is no = € Z such that f (z) = 0. If there is x € Z satisfies
f(z) =0, then f(z) = 22 +2 =0 = 22 = —2, which is not possible for all
x € Z.

@ f is injective because
f(z1)=f(x2) =201 +1 =220+ 1= 221 =229 = x1 = x2. The
function f is surjective because for every y € Q, we can choose z = Y% € Q.

So. [ () = f (51) = i
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Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Solution:

@ f is injective. Notice that:
f(z1) = f(z2) = 221 +3 =229+ 3 = 221 = 229 = x1 = x2. But fis not
surjective. There is no © € Z such that f (z) =0. If there is x € Z that
satisfies f (z) =0, then f(z) =22 4+3 =0, so = —3 ¢ Z. Then f is not
bijective.

@ f is not injective because f (—1) = f (1) = |—-1| = |1| = 1. The function f is
surjective because for every y € Ny there is © = y € Z such that
f(z) =|z| =z =y. Hence, f is not bijective.

@ f is not injective because f (—1) = f (1) = 3. Moreover f is not surjective
because there is no = € Z such that f (z) = 0. If there is x € Z satisfies
f(z) =0, then f(z) = 22 +2 =0 = 22 = —2, which is not possible for all
x € Z.

@ f is injective because
f(z1)=f(x2) =201 +1 =220+ 1= 221 =229 = x1 = x2. The
function f is surjective because for every y € Q, we can choose z = 7= Leq.
So, f(z)=f (yTl) =2 (y 1) +1=y—1+1=y. Therefore, f is buectlve

MZI (SoC Tel-U) Function March 2023 44 /73



Injective, Surjective, and Bijective Function Exercise: Injective, Surjective, and Bijective Function

Exercise
Check whether these functions is injective, surjective, bijective, or none of them.

Q f:R~ {1} = R~ {1} with f (z) = %5.

. 20 +1, ifz<1
2 f;R—)RWIthf(x):{ dr+3, ifz>1. -

. 20+ 1, ifz>1
o f;R—)RWIthf(m):{ e+ 3, ifxz<l1. °
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Function Composition

Definition
Let A, B,C be three sets, f: A — B and g : B — C. Function composition of g
and f is function go f : A — C defined as

(go f)(z) =g (f(x))
for every x € dom (f).

In order for g o f to be defined, it should be ran (f) C dom (g).
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lllustration of Function Composition

Let f: X - Y and g: Y — Z be two functions with ran (f) =Y’ C Y, such

that ran (f) C dom (g). Function composition g o f can be illustrated below.

We have (go f) (z)

MZI (SoC Tel-U)

¥ A
r g -
" ’ ) -
™ ST
- — Xy VA -
'* — L ,Ef_,l'":l'llz
I A 7 (g0 N)x)
/ \ A ..\x_ A
gof

=g(f (x)) for every z € X.
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Function Composition

Function Composition Example

Let X ={1,2,3}, Y ={a,b,c,d,e}, and Z = {z,y,2}. Let f: X — Y and
g:Y — Z be two functions defined as:

f= {(1’6) ) (27b) ) (33 a)} and

g= {(aa y), (,y), (Cv z),(d,2), (eaz)}'

We have the following illustration:
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Function Composition

Function Composition Example

Let X ={1,2,3}, Y ={a,b,c,d,e}, and Z = {z,y,2}. Let f: X — Y and
g:Y — Z be two functions defined as:

f= {(1’6) ) (27b) ) (33 a)} and

g= {(aa y) , (b, y), (07 z),(d,2), (672)}'

We have the following illustration:

We can see that:

(gof)(1) =
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Function Composition

Function Composition Example

Let X ={1,2,3}, Y ={a,b,c,d,e}, and Z = {z,y,2}. Let f: X — Y and
g:Y — Z be two functions defined as:

f= {(1’6) ) (27b) ) (33 a)} and

g= {(aa y) , (b, y), (Cv z),(d,2), (672)}'

We have the following illustration:

We can see that:
(gof)(1)=g(f(1))=g(c) =2,
(9o f)(2) =
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Function Composition

Function Composition Example

Let X ={1,2,3}, Y ={a,b,c,d,e}, and Z = {z,y,2}. Let f: X — Y and
g:Y — Z be two functions defined as:

f= {(1’6) ) (27b) ) (33 a)} and

g= {(aa y) , (b, y), (Cv z),(d,2), (672)}'

We have the following illustration:

We can see that:

(gof)()=g(f(1) =g(c) =2,
(90f)(2)=9(f(2) =g(b) =y, and
(9o f)(3) =
e i 20

49 /73



Function Composition

Function Composition Example

Let X ={1,2,3}, Y ={a,b,c,d,e}, and Z = {z,y,2}. Let f: X — Y and

g:Y — Z be two functions defined as:
f={1,¢),(2,b),(3,a)} and

g = {(aﬂ y) ) (b7 @/) ) (C7 Z) ) (d7 Z) ) (672)}-
We have the following illustration:

X Y

We can see that:
(gof)(1)=g(f(1))=g(c) =2,
(9o f)(2)=g(f(2))=g(b) =y, and
(gof)B)=9g(fB3) =g(a)=y.
Then go f =

e
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Function Composition

Function Composition Example

Let X ={1,2,3}, Y ={a,b,c,d,e}, and Z = {z,y,2}. Let f: X — Y and
g:Y — Z be two functions defined as:

f= {(1’6) ) (27b) ) (33 a)} and

g= {(aa y) , (b, y), (Cv z),(d,2), (672)}'

We have the following illustration:

X Y z

We can see that:
(gof)(1)=g(f(1))=g(c) =2,
(9o f)(2)=g(f(2))=g(b) =y, and
(9o f)B)=9(fB)=g(a)=y
Thengof: {(I,Z),( ,y)v( ay)}
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Function Composition

Note that g o f is a function from X to Z with ran(go f) =Im (go f) = {y, z}.
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Function Composition

Note that g o f is a function from X to Z with ran(go f) =Im(go f) = {y, z}.

ey
TN £
o S
I. 1‘- I. 1
- J I N S,
L | [ |
| | Tk i
J—F" o
F k1 . F
N N

MZI (SoC Tel-U) Function March 2023 50 / 73



Exercise

Exercise
If possible, determine the composition of the following functions.

Q f:{a,b,c} — {a,b,c} with f(a) =0, f(b)=¢, f(c)=a and
g:{a,b,c} — {1,2,3} with g(a) =1, g(b) =2, g(c) =3. Find fo f,
fofof. gof and fog.

Q f,9:Z— Z with f(z) =2 —1 and g (z) = 22, find the formula for
(fog)(x)and (go f)(z).

Q f,9:Z — Z with f(z) =z and g (z) = 1, find the formula for (f o g) ()
and (g f) (2).

Q f,9:Z — Z with f(z) =1 and g (z) = 2, find the formula for (f o g) (x)
and (go f) ().

Q f,9:Q— Quwith f(z) =2z —1and g (z) = ZEL, find the formula for
(fog)(x)and (go f) (z).
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)=b.
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)=0b. Next, fo fo fisa function defined as: (fo fo f)(a) =a,
(fofof)(b)=0b (fofof)(c)=c
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2 (9o f)(b) =3, (90 f)(c) =1
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)(d)=b, (fofolf)(c)=c. Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

@ We have
(fog)(z)=f(g(x) =

MZI (SoC Tel-U) Function March 2023 52 /73



Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fo fo fisa function defined as: (fo fo f)(a)=a
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

Q@ We have
(fog)(z)=f(g(x) =g(x) —1=2"—1.
(gof)(@)=g(f(z)) =
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

@ We have
(feg)(x)=f(g(x) =g
(gof)(z)=g = (

© We have
(fog)(z)=fg(x) =
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

Q@ We have

(fog)(x)=f(g(x) =g(z)-1=2"—-1

(gof)(@)=g(f(x) = (@z—1)*=a—22+1
@ We have

(fog)(x)=[f(g(x) =g(x)=1

(gof)(x)=g(f(z)) =
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

Q@ We have

(fog)(z)=f(g(x) =g(x) —1=2a"—1.
(gof)@)=g(f(x) = (x—-1)° =2 -2z +1
Q@ We have
(fog)(@)=f(g9(z)=g(z)=1
(gof)(x)=g(f(z)) =1
Q@ We have

(fog)(z)=f(g(x))
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

Q@ We have

(fog)(z)=f(g(x) =g(x) —1=2a"—1.
(gof)@)=g(f(x) = (x—-1)° =2 -2z +1
Q@ We have
(fog)(@)=f(g9(z)=g(z)=1
(gof)(x)=g(f(z)) =1
Q@ We have
(fog)(x)=f(g9(z) =1
(gof)(x)=g(f(z)) =
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

Q@ We have

(fog)(z)=f(g(x) =g(x) —1=2a"—1.
(gof)@)=g(f(x) = (x—-1)° =2 -2z +1
Q@ We have
(fog)(@)=f(g9(z)=g(z)=1
(gof)(x)=g(f(z)) =1
Q@ We have
(fog)(x)=f(g(x) =1
(gof)(x)=g(f(z)) =2
@ We have

(fog)(z)=fg(x) =
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

Q@ We have

(fog)(z)=f(g(x) =g(x) —1=2a"—1.
(gof)@)=g(f(x) = (x—-1)° =2 -2z +1
Q@ We have
(fog)(@)=f(g9(z)=g(z)=1
(gof)(x)=g(f(z)) =1
Q@ We have
(fog)(x)=f(g(x) =1
(gof)(x)=g(f(z)) =2
@ We have
(fog)(@)=f(9(x)=29(x)—1=2()~1=z+1-1=uz
(gof)(z)=g(f(z)) =
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Solution:

@ We have f o f is a function defined as: (fo f)(a) =¢, (fof) () =aq,
(fof)(c)="0. Next, fofo fisa function defined as: (fo fo f)(a)=a,
(fofof)() =b, (fofof)(c)=c Thefunction go f is a function
defined as: (go f)(a) =2, (go f)(b) =3, (go f)(c) = 1. Lastly, because
dom (f) = {a,b,c} and ran (g) = {1, 2,3}, then f o g is not defined.

Q@ We have

(fog)(z)=f(g(x) =g(x) —1=2a"—1.
(gof)@)=g(f(x) = (x—-1)° =2 -2z +1
Q@ We have
(fog)(@)=f(g9(z)=g(z)=1
(gof)(x)=g(f(z)) =1
Q@ We have
(fog)(x)=f(g(x) =1
(gof)(x)=g(f(z)) =2
@ We have

(fog)(@)=f(g(x)=2¢(zx)—1=2(E) —1=a4+1-1=2z
(go f)(x) =g (f(x)) = f(m2)+1 _ Qe+l _ 20

2 —2:3}‘.
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Inverse Function

Inverse Function

Definition

Let f: A — B be a bijective function. Inverse function of f is function
f~': B — A such that

(fTtef)@ = fH(fla)=a
(fof™)® = f(F1®) =0
for every a € A and b € B. If f has inverse, then f is invertible.

REMEMBER: the requirement for a function f : A — B to have an inverse is f
should have bijective property (as a one-to-one correspondence). If f: A — Bis
not bijective, then f~! is not defined.
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Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v.
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Inverse Function

Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function

of fis f~! with the properties (fo f) (b) =band (f~* o f) (a) = a for all
a € Aandbe B. We have

7w =
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Inverse Function

Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function

of fis f~! with the properties (fo f) (b) =band (f~* o f) (a) = a for all
a € Aandbe B. We have

fFFlw)y =2, f' (v) =
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Inverse Function

Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function

of fis f~! with the properties (fo f) (b) =band (f~* o f) (a) = a for all
a € Aandbe B. We have

flw) =2 f"(v)=3 and 7 (w) =
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Inverse Function

Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function
of fis f~! with the properties (fo f) (b) =band (f~* o f) (a) = a for all
a € Aandbe B. We have

ffuw)=2 f(w)=3 and f!(w)=1.
Notice that

(fof™)(u
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Inverse Function

Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function
of fis f~* with the properties (fo f=') (b)) =band (f~'o f) (a) = a for all
a € Aandbe B. We have

f Tl w) =2 f'(v)=3 and f' (w) =1.

Notice that
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Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function
of fis f~* with the properties (fo f=') (b)) =band (f~'o f) (a) = a for all
a € Aandbe B. We have

f Tl w) =2 f'(v)=3 and f' (w) =1.

Notice that
(fofHw = FF W) =F2) =u
(fof M) = (7 @)=fB) =0
(fof ) (w) =
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Inverse Function

Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function
of fis f~* with the properties (fo f=') (b)) =band (f~'o f) (a) = a for all
a € Aandbe B. We have

f Tl w) =2 f'(v)=3 and f' (w) =1.

Notice that
(Fof M = Ff @) =72 =u
(fof N = f(FE)=f@B) =0,
(FfofHw) = f(f1w)=FfQA)=mw,

using the similar idea, we can also prove that
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Inverse Function Example

Example

Let f: A — B with A ={1,2,3} and B = {u,v,w} ,and
f={1,w),(2,u),(3,v)}. Function f has bijective properties (as one-to-one
correspondence). We have f (1) = w, f(2) = u, and f(3) = v. Inverse function
of fis f~* with the properties (fo f=') (b)) =band (f~'o f) (a) = a for all
a € Aandbe B. We have

f Tl w) =2 f'(v)=3 and f' (w) =1.

Notice that
(Fof M = Ff @) =72 =u
(fof N = f(FE)=f@B) =0,
(FfofHw) = f(f1w)=FfQA)=mw,

using the similar idea, we can also prove that (f_1 o f) (1) =1,
(fof)(2) =2 and (f~tof)(3)=3.
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Exercise

Exercise
Find (if exists) the inverse of these following functions:
Q f:Z—Zwith f(z)=z—1.

Q f:7Z — Z with f(z) = 2? —|—1

Q@ f:QF — Q with f(m)—

Q f:Z— Z with f(z) =
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Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f@)=xz—1=y, thenz =
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Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f@)=az—1=y, thenz=y+1,50 f1(y) =
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Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(x)=xz—1=y thenz=y+1 so f~!(y) =y+ 1, then we have
fH ) =
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Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(Ffof V@) =f(f"'@)=fz+1)=(x+1)— 1=z and
(Flof)@=f1f@)=Ff1a-1)=(@-)+1-a

MZI (SoC Tel-U) Function March 2023

57 /73



Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(fofN@=f(f"'@®)=f(z+1)=(z+1)—1=z and
(flof)@)=f"(f@)=ftla-D=@-)+1=2

@ f is not bijective because f is not injective neither surjective. We have
f(1) = f(—=1) =2 and there is no € Z such that f (z) = 0. Thus, f has
no inverse.
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Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(fofN@=f(f"'@®)=f(z+1)=(z+1)—1=z and
(flof)@)=f"(f@)=ftla-D=@-)+1=2

@ f is not bijective because f is not injective neither surjective. We have
f(1) = f(—=1) =2 and there is no € Z such that f (z) = 0. Thus, f has
no inverse.

@ f is injective because

fz1) = f(z2) =
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Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(fofN@=f(f"'@®)=f(z+1)=(z+1)—1=z and
(flof)@)=f"(f@)=ftla-D=@-)+1=2

@ f is not bijective because f is not injective neither surjective. We have
f(1) = f(—=1) =2 and there is no € Z such that f (z) = 0. Thus, f has
no inverse.

@ f is injective because
fla)=fla) =82 =21 =

T2
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Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(fofN@=f(f"'@®)=f(z+1)=(z+1)—1=z and
(fTlof)@=f"f@)=f"e-Y=(@-1)+1=uz

@ f is not bijective because f is not injective neither surjective. We have
f(1) = f(—=1) =2 and there is no € Z such that f (z) = 0. Thus, f has
no inverse.

@ f is injective because
f(l‘l):f(@)é%:”i_l?l— L=1-1=

T2 Z1 T2

MZI (SoC Tel-U) Function March 2023 57 /73



Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(fofN@=f(f"'@®)=f(z+1)=(z+1)—1=z and
(fTlof)@=f"f@)=f"e-Y=(@-1)+1=uz

@ f is not bijective because f is not injective neither surjective. We have
f(1) = f(—=1) =2 and there is no € Z such that f (z) = 0. Thus, f has

no inverse.
@ f is injective because
fo) =floa) = B2 =250 > -5 =15 = 5 =g S o= o

xr
But f is not surjective because there is no x such that f (1m
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Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(fofN@=f(f"'@®)=f(z+1)=(z+1)—1=z and
(fTlof)@=f"f@)=f"e-Y=(@-1)+1=uz

@ f is not bijective because f is not injective neither surjective. We have
f(1) = f(—=1) =2 and there is no € Z such that f (z) = 0. Thus, f has

no inverse.
@ f is injective because
f(xl) f(xQ):wllll:Lizlz>1—wi=1—i:>i f:>:L‘1—:E2.

But f is not surjective because there is no x such that f (1m — 1. If there is
such z, then f(z) = =1 =1, s0 z — 1 =z, hence —1 = 0. Because f is
not bijective, then f is not invertible.
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Inverse Function

Solution:

@ f is bijective because f is injective and surjective (prove it!). If
f(@)=a—1=y, thenz=y+1,s0 f~!(y) =y +1, then we have
f~1(z) = x + 1. Notice that
(fofN@=f(f"'@®)=f(z+1)=(z+1)—1=z and
(fTlof)@=f"f@)=f"e-Y=(@-1)+1=uz

@ f is not bijective because f is not injective neither surjective. We have
f(1) = f(—=1) =2 and there is no € Z such that f (z) = 0. Thus, f has

no inverse.
@ f is injective because
f(xl) f(xQ):wllll:Lizlz>1—wi=1—i:>i f:>:L‘1—:E2.

But f is not surjective because there is no x such that f (1m — 1. If there is
such z, then f(z) = =1 =1, s0 z — 1 =z, hence —1 = 0. Because f is
not bijective, then f is not invertible.

@ f is not bijective because f is not surjective. There is no x € Z such that

f(x)=1
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Special Functions

Floor Function and Ceiling Function

Definition
Floor function maps the real number z to the greatest integer smaller than or

equal to z. Floor function is denoted by |- -- |. Formally, for every x € R, || =n
where n < x <n -+ 1.

Definition
Ceiling function maps the real number z to the smallest integer greater than or

equal to x. Ceiling function is denoted by [---]. Formally, for every z € R,
[x] =m where m — 1 <z < m.

Intuitively: |2] rounds = “down”, while [2] rounds = “up”.
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Examples (Floor and Ceiling)

Example
We have

Q 35 =
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Examples (Floor and Ceiling)

Example
We have

Q 3.5/ =3and [3.5] =
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Examples (Floor and Ceiling)

Example

We have
Q@ [3.5] =3 and [3.5] =4.
Q |0.7] =
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Examples (Floor and Ceiling)

Example

We have
Q@ [3.5] =3 and [3.5] =4.
Q@ |0.7] =0and [0.7] =
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Examples (Floor and Ceiling)

Example

We have
Q@ [3.5] =3 and [3.5] =4.
Q [0.7] =0and [0.7] = 1.
Q |1.1] =
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Examples (Floor and Ceiling)

Example

We have
Q@ [3.5] =3 and [3.5] =4.
Q [0.7] =0and [0.7] = 1.
Q@ [l.1]=1and [1.1] =
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Examples (Floor and Ceiling)

Example
We have
Q@ [3.5] =3 and [3.5] =4.
Q [0.7] =0and [0.7] = 1.
Q [l.1]=1and [1.1] =2.
Q [l =
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Examples (Floor and Ceiling)

Example
We have
Q@ [3.5] =3 and [3.5] =4.
Q [0.7] =0and [0.7] = 1.
Q [l.1]=1and [1.1] =2.
Q |lJ=1and [1] =
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Examples (Floor and Ceiling)

Example
We have
Q [3.5] =3 and [3.5] =4.

Q [0.7) =0and [0.7] = 1.

Q [l.1]=1and [1.1] =2.

Q |[lJ=1and [1] =1.

Q [-35]=
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Examples (Floor and Ceiling)

Example
We have
Q@ [3.5] =3 and [3.5] =4.
Q [0.7] =0and [0.7] = 1.
Q [l.1]=1and [1.1] =2.
Q |[lJ=1and [1] =1.
Q [-35]= —4and [-3.5] =
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Examples (Floor and Ceiling)

Example

We have

Q 3.5/ =3 and [3.5] =4.

Q [0.7] =0and [0.7] = 1.

Q@ |[l.1]=1and [1.1] = 2.

Q |[1]=1and [1] =1.

Q@ [-35/=—4and [-3.5] = —3.
Q |27 =
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Examples (Floor and Ceiling)

Example

We have

Q@ [3.5] =3 and [3.5] =4.

Q [0.7] =0and [0.7] = 1.

Q@ |[l.1]=1and [1.1] = 2.

Q |[1]=1and [1] =1.

Q@ [-35/=—4and [-3.5] = —3.
Q@ [-27]= —3and [-2.7] =
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Examples (Floor and Ceiling)

Example

We have

Q@ [3.5] =3 and [3.5] =4.

Q [0.7] =0and [0.7] = 1.

Q [l.1]=1and [1.1] =2.

Q |[lJ=1and [1] =1.

Q@ [-35/=—4and [-3.5] = —3.
Q@ [-27/=—-3and [-2.7] = —
Q [-13] =
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Special Functions

Examples (Floor and Ceiling)

Example

We have

Q@ [3.5] =3 and [3.5] =4.

Q [0.7] =0and [0.7] = 1.

Q [l.1]=1and [1.1] =2.

Q |[lJ=1and [1] =1.

Q@ [-35/=—4and [-3.5] = —3.
Q@ [-27/=—-3and [-2.7] = —
@ |-13]= —2and [-1.3] =
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Special Functions

Examples (Floor and Ceiling)

Example

We have

Q@ [3.5] =3 and [3.5] =4.

Q [0.7] =0and [0.7] = 1.

Q@ |[l.1]=1and [1.1] = 2.

Q |[lJ=1and [1] =1.

Q@ [-35/=—4and [-3.5] = —3.
Q@ [-27/=—-3and [-2.7] = —
@ |-13]=—-2and [-1.3] = —
Q |4 =
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Examples (Floor and Ceiling)

Example

We have

Q@ [3.5] =3 and [3.5] =4.

Q [0.7] =0and [0.7] = 1.

Q@ |[l.1]=1and [1.1] = 2.

Q |[lJ=1and [1] =1.

Q@ [-35/=—4and [-3.5] = —3.
Q@ [-27/=—-3and [-2.7] = - 2.
@ |-13]=—-2and [-13] = — 1.
Q@ |-4=—4and [-4] =
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Examples (Floor and Ceiling)

Example

We have

Q@ [3.5] =3 and [3.5] =4.

Q [0.7] =0and [0.7] = 1.

Q@ |[l.1]=1and [1.1] = 2.

Q |[lJ=1and [1] =1.

Q@ [-35/=—4and [-3.5] = —3.
Q@ [-27/=—-3and [-2.7] = - 2.
@ |-13]=—-2and [-13] = — 1.
Q |[-4]=—4and [-4] = — 4.
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Exercise

Exercise
Find:

1) [2.8] and [2.8]
2) [3.1]and [3.1
3) |-14]and [—
4) |-2.7| and

5) |x] and [7]

Solution: 1)
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Exercise

Exercise
Find:

1) [2.8] and [2.8]
2) [3.1]and [3.1
3) |-14]and [—
4) |-2.7| and

5) |x] and [7]

Solution: 1) |2.8] =2 and [2.8] =3, 2)
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Exercise

Exercise
Find:

1) [2.8] and [2.8]

2) [3.1] and [3.1]

3) |—1.4] and [—1.4]
4) |—2.7| and [—2.7]
5) |x] and [7]

= ©O© 0 N O

O — — — —

)

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)
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Exercise

Exercise
Find:

1) [2.8] and [2.8] 6) |—7|and [—7]

2) |3.1] and [3.1] 7)  |v2] and [V2]

3) [-1.4] and [-1.4] 8) |-v2]and [—V2]
4) |-2.7] and [-2.7] 9) [-3v2] and [-3V2]
5) |n] and [x] 10) [2v3] and [2V3

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)
|-1.4] = —2and [-1.4] = —1, 4)
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Exercise

Exercise
Find:

1) [2.8] and [2.8]

2) [3.1] and [3.1]

3) |—1.4] and [—1.4]
4) |—2.7| and [—2.7]
5) |x] and [7]

= ©O© 0 N O

O — — — —

)

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)

|—14] = —2 and [-1.4] = —1, 4) |-2.7]
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Exercise

Exercise

Find:

1) [2.8] and [2.8]

2) [3.1] and [3.1]

3) |—1.4] and [—1.4]
4) |—2.7| and [—2.7]
5) |x] and [7]

= ©O© 0 N O

O — — — —

)

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)

|—14] = —2 and [-1.4] = —1, 4) |-2.7]

and [7] =4, 6)
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Exercise

Exercise

Find:

1) [2.8] and [2.8]

2) [3.1] and [3.1]

3) |—1.4] and [—1.4]
4) |—2.7| and [—2.7]
5) |x] and [7]

= ©O© 0 N O

O — — — —

)

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)

|—1.4] = —2 and [—1.4] = —1, 4) |-2.7]
and [7] =4,6) |[-7| = -4 and [—-7| =

MZI (SoC Tel-U) Function

—3and [—-2.7] = -2, 5) |n] =

March 2023

3

61/ 73



Exercise

Exercise

Find:

1) [2.8] and [2.8]

2) [3.1] and [3.1]

3) |—1.4] and [—1.4]
4) |—2.7| and [—2.7]
5) |x] and [7]

= ©O© 0 N O

O — — — —

)

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)

|—1.4] = —2 and [—1.4] = —1, 4) |-2.7]
and [7] =4,6) |[-7| = -4 and [—-7| =
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Exercise

Exercise
Find:

1) [2.8] and [2.8] 6) |—7|and [—7]

2) |3.1] and [3.1] 7)  |v2] and [V2]

3) [-1.4] and [-1.4] 8) |-v2]and [—V2]
4) |-2.7] and [-2.7] 9) [-3v2] and [-3V2]
5) |n] and [x] 10) [2v3] and [2V3

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)

|-14| =—-2and [-14] =-1,4) |-2.7] =—-3and [-2.7] =-2,5) |[r| =3
and [7] =4, 6) |-7] = —4and [-7] = -3, 7) |V2| =1and [V2] =2, 8)
L,ﬁJ = —2 and (*\/ﬂ =-1,9)
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Exercise

Exercise
Find:

1) [2.8] and [2.8] 6) |—7|and [—7]

2) [3.1] and [3.1] 7) V2] and [V2]

3) [-1.4] and [-1.4] 8) |-v2]and [—V2]
4) |-2.7] and [-2.7] 9) [-3v2] and [-3V2]
5) |n] and [x] 10) [2v3] and [2V3

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)

|-1.4] =—2and [-1.4] = -1, 4) [-2.7] = -3 and [-2.7] = -2, 5) |7| =3
and [7] =4, 6) |-7] = —4and [-7] = -3, 7) |V2| =1and [V2] =2, 8)
|-v2| =—2and [-v2] = -1,9) |-3V2] = —5 and [-3V2] = —4, 10)
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Exercise

Exercise
Find:

1) [2.8] and [2.8] 6) |—7|and [—7]

2) [3.1] and [3.1] 7) V2] and [V2]

3) [-1.4] and [-1.4] 8) |-v2]and [—V2]
4) |-2.7] and [-2.7] 9) [-3v2] and [-3V2]
5) |n] and [x] 10) [2v3] and [2V3

Solution: 1) |2.8] =2 and [2.8] =3, 2) [3.1] =3 and [3.1] =4, 3)

|-1.4] =—2and [-1.4] = -1, 4) [-2.7] = -3 and [-2.7] = -2, 5) |7| =3
and [7] =4, 6) |-7] = —4and [-7] = -3, 7) |V2| =1and [V2] =2, 8)
|-v2| =—2and [-v2] = -1,9) |-3V2] = —5 and [-3V2] = —4, 10)
[2V3| =3 and [2V/3] = 4.
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Special Functions

Modulo (mod) and Divisor (div Functions)

Theorem
Let @ € Z and m € ZT, then there is ¢ € Z and r € Z with 0 < 7 < m such that

a=mq-+r,

Integers ¢ and r are unique for every a and m. Furthermore:

@ the value of ¢ is called as a quotient of a divided by m and is denoted as
adivm;

@ the value of r is called as a remainder of a divided by m and is denoted as
amodm (the value of the remainder is never negative).

mod and div will be discussed further in elementary number theory.
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Example
We have
Q 25mod7 =
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Example

Example
We have
Q@ 25mod7 =4 and 25div7 =
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Example

Example
We have

@ 25mod7 =4 and 25div 7 = 3, because 25 = 7 (3) + 4.
Q 16mod4 =
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Example

Example
We have

@ 25mod7 =4 and 25div 7 = 3, because 25 = 7 (3) + 4.
Q 16mod4 =0 and 16div4 =
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Example

Example
We have

@ 25mod7 =4 and 25div 7 = 3, because 25 = 7 (3) + 4.
Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.

Q 4512mod 45 =
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Example

Example

We have
@ 25mod7 =4 and 25div7 = 3, because 25 = 7(3) + 4.
Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.
Q 4512mod 45 = 12 and 4512div4b5 =
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Example

Example
We have
@ 25mod7 =4 and 25div7 = 3, because 25 = 7(3) + 4.
Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.
@ 4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
@ Omodb =
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Example

Example
We have
@ 25mod7 =4 and 25div7 = 3, because 25 = 7(3) + 4.
Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.
@ 4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
@ Omod5 =0 and 0div) =
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Example

Example
We have

@ 25mod7 =4 and 25div 7 = 3, because 25 = 7 (3) + 4.

Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.

@ 4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
© O0mod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

@ 27mod4 =
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Example

Example
We have

@ 25mod7 =4 and 25div 7 = 3, because 25 = 7 (3) + 4.

Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.

@ 4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
© O0mod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

@ 27mod4 =3 and 27div4 =
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Special Functions

Example

Example
We have

@ 25mod7 =4 and 25div 7 = 3, because 25 = 7 (3) + 4.

Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.

@ 4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
© O0mod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

@ 27mod4 =3 and 27div4 = 6, because 27 = 4 (6) + 3.

Q@ —27mod4 =
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Special Functions

Example

Example
We have

@ 25mod7 =4 and 25div 7 = 3, because 25 = 7 (3) + 4.

Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.

@ 4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
© O0mod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

@ 27mod4 =3 and 27div4 = 6, because 27 = 4 (6) + 3.

Q@ —27mod4 =1 and —27div4 =
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Special Functions

Example

Example
We have

25mod 7 =4 and 25div 7 = 3, because 25 = 7(3) + 4.

16 mod4 = 0 and 16 div4 = 4, because 16 = 4 (4) + 0.

4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
Omod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

27mod 4 = 3 and 27div4 = 6, because 27 = 4 (6) + 3.

—27mod4 =1 and —27divd = — 7, because —27 =4 (—7) + 1.
37mod 6 =

©0000O0CO0
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Special Functions

Example

Example
We have

25mod 7 =4 and 25div 7 = 3, because 25 = 7(3) + 4.

16 mod4 = 0 and 16 div4 = 4, because 16 = 4 (4) + 0.

4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
Omod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

27mod 4 = 3 and 27div4 = 6, because 27 = 4 (6) + 3.

—27mod4 =1 and —27div4 = — 7, because —27 =4 (—7) + 1.
37mod6 =1 and 37div6 =

©0000O0CO0
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Special Functions

Example

Example
We have

25mod 7 =4 and 25div 7 = 3, because 25 = 7(3) + 4.

16 mod4 = 0 and 16 div4 = 4, because 16 = 4 (4) + 0.

4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
Omod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

27mod 4 = 3 and 27div4 = 6, because 27 = 4 (6) + 3.

—27mod4 =1 and —27divd = — 7, because —27 =4 (—7) + 1.
37mod 6 =1 and 37div 6 = 6, because 37 =6 (6) + 1.

—37mod 6 =

©000000O0CO0
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Special Functions

Example

Example
We have

25mod 7 =4 and 25div 7 = 3, because 25 = 7(3) + 4.

16 mod4 = 0 and 16 div4 = 4, because 16 = 4 (4) + 0.

4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
Omod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.

27mod 4 = 3 and 27div4 = 6, because 27 = 4 (6) + 3.

—27mod4 =1 and —27divd = — 7, because —27 =4 (—7) + 1.
37mod 6 =1 and 37div 6 = 6, because 37 =6 (6) + 1.

—37mod 6 =5 and —37div6 =

©000000O0CO0
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Special Functions

Example
Example
We have
@ 25mod7 =4 and 25div7 = 3, because 25 = 7(3) + 4.
Q 16mod4 =0 and 16div4 = 4, because 16 = 4 (4) + 0.
@ 4512mod 45 = 12 and 4512 div 45 = 100, because 4512 = 45 (100) + 12.
© O0mod5 =0 and 0div5 = 0, because 0 =5 (0) + 0.
@ 27mod4 =3 and 27div4 = 6, because 27 = 4 (6) + 3.
Q@ —27mod4 =1 and —27div4d = — 7, because —27 =4 (—7) + 1.
@ 37mod6 =1 and 37div6 = 6, because 37 = 6 (6) + 1.
Q@ —37mod6 =5 and —37div6 = — 7, because —37 =6 (—7) + 5.
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Special Functions

Factorial Function

Definition

A factorial function is a function from Ny to N defined as

nl — 1, ifn=20
T lenx(n—1)x---x2x1, ifn>0

For example, we have 0! =1, 1! =1, 2! =2, 3! =6, 4! = 24, and 5! = 120.
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Exponential Function

Definition
Let a € R and a # 0. An exponential function is defined as:
@ For n € Ny, then

1, ifn=20
a" = axaX---xa, ifn>0
—_——
n terms

1

am

Q@ ForneZ,ifn=-m<0, then a™ =a ™ =

Q ForqeQ, ifg= % with m,n € Z and n # 0, then al =aw = Yam,

@ For z € R, if x is irrational, then a® defined as a® = ¢
natural logarithm of a.
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Special Functions

Example of Exponential Function

10 -

-1

ba 4= Lh

=]
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Special Functions

Logarithmic Function

Logarithmic Function

From an expression y = a®, we have z = *logy = log,y. The function
f (x) = log, = with @ > 0 is a logarithmic function with base a.
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Recursive Function

Recursive Function

A function f is called a recursive function if its definition is referred to f itself.
A recursive function consists of a base case (or base cases) and a recursive case
(or recursive cases).

Example

The factorial function can be defined recursively:
| 1, ifn=20

nl = .
nx(n—1))" ifn>0.

We have 0! =0, 1!=1-0'=1,2!'=2.1!' =2, and so forth. Casen!=1ifn=20
is called as a base case, while case n! =mn x (n — 1)! is called as a recursive case.
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Special Functions

Recursive Function and Recursive Algorithm

A recursive function can be defined using a particular formula or using a program

in a particular programming language.

Example

The function f : N — N defined recursively as:

1, n=1

f(n) = 2, n=

fln=1)+f(n=-2), n>3

can also be defined by using Python:

def f(n):
if n == 1: return 1
if n == 2: return 2
else: return f(n-1) + f(n-2)

Exercise

Find f(5), f(6), and f (7).
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@ Challenging Problems
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Challenging Problems

Ackermann Function

Ackermann function is an important function in theoretical computer science due
to its prevalence in recursive algorithm concerning sets. One type of this function
is A : Ny x Ng — Ny which is defined as:

2n, ifm=20
0, ifm>1andn=20
A(m,n) = 2 ifm>1landn=1

Am—1,A(m,n—1)) ifm>1landn>2

Determine the value of A (2,2), A(2,3), and A(3,3).
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Challenging Problems

Nearest Power of 2

Computer usually processes numbers in their bit expressions (a base 2 number).
For instance:

2:=10, 4:=100, 6 :=110, 7:=111, 10 := 1010

In order to represent a positive integer n in its bit expression, we need to know its
bit length (the number of digits required) Suppose the minimum bit length for
representing a number n is £ (n). Thus, we have

0(2)=2,0(4)=3,£(6)=3, £(7) =3, £(10) = 4.

Basically, ¢ (n) is the least integer k such that n < 2%. Give a
formal-mathematical definition of £ (n).
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Challenging Problems

Piecewise Function

4o +3, fxz<l1
20 +1, ifz>1.
injective, surjective, bijective, or none of them.

Suppose f: R — R with f(z) = . Check whether f is
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