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Complement, V, and A on 0,1

Definition
1, ifa=0

If a € {0,1}, thenz‘zﬁa{ 0 ifa=1L

Definition
Operation A and V on set {0, 1} defined as: for every a,b € {0,1}

1, fa=1lorb=1
wyh = { 0, otherwise,
Ny~ [ ifa=b=1
“ - 0, otherwise.
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Complement, V, and A on 0 — 1 Matrices

Definition

Let A = [a;;] be a 0 — 1 matrix with m rows and n columns, then the
complement matrix A (or =A) is an m x n matrix whose i-th row and j-th row
entry is A [i, 7] = [a;;],

Definition

Let A = [a;;] and B = [b;;] be two 0 — 1 matrices with m rows and n columns,
then the conjunction A A B and disjunction A V B respectively m X n matrices
whose i-th row and j-th row entry is

(A/\B) [27]] = A[i’j}/\B[iaj]:[a’i]’/\bij}'
(AVB)[i,j] = Ali,j]VBI[ij] = [aiy Vbi].
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Operations on Representation Matrices of Relations

Representation Matrices for R~!, R, R U Ry, and Ry N Ry

Theorem

Let R be a relation from A to B (both are finite sets). If Mg is a representation
matrix for R, then representation matrix for relation R~ which is a relation from
B to A, noted as M1, satisfies Mp-1 = (MR)T.

Theorem

Let R be a relation from A to B (both are finite sets). If Mg is a representation

matrix for R, then representation matrix for relation R, noted as M 3, satisfies
Mz = Mp.
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Operations on Representation Matrices of Relations

Theorem

Let Ry and Ry be two relations from A to B. If Mg, and Mg, are
representation matrices of relation Ry and Rs, respectively, then the
representation matrix for Ry U Ry and Ry N Ry are

MR1UR2 == ];\/.I:R1 \/:’.\/.[R1 and
Mer‘]Rg = MR1 /\MR2'
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

1 0 1 1 0 1

Mp,=|1 00| Mp=|011

01 0 1 0 0

Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

Solution: My, =
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

1 0 1 1 0 1

Mp,=|1 00| Mp=|011

01 0 1 0 0

Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

Solution: My, = Mg, =
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

2

101 1
Mg, =|1 0 0|, Mg,=|0
010 1

o = O

1
1
0
Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

Solution: My, = Mg, =

= o O
[

0
1
1
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

1 0 1 1 0 1

Mp,=|1 00| Mp=|011

01 0 1 0 0

Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

Solution: M, = Mp, = My = (Mg,)" =

= o O
[

0
1
1
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

2

101 101
Mp,=|1 0 0|, Mg, =|0 1 1
01 0 100

Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

0 1 0 1 1 0
Solution: Mp, =Mg, =0 1 1], MR;l = (MRI)T =10 0 1
1 0 1 1 00

MR1 URy —
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

2

1 0 1 1 0 1
Mp,=|1 0 0| Mp,=|0 11
010 100

Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

01 0 110
Solution: My, =Mp, = [ 0 1 1 | My= Mg) = |0 0 1
1 01 1 00

Mg,ur, = Mg, VMg, =
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

2

101 101
Mp,=|1 0 0|, Mg, =|0 1 1
01 0 100

Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

010 110

Solution: Mz, =Mpg, = | 0 1 1 [, My1=(Mg) = |0 0 1
101 100
101

Mg,ur, = Mg, VMg, = 1 1 17,
110

Mg, g, =
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

2

101 101
Mp,=|1 0 0|, Mg, =|0 1 1
01 0 100

01 0 110

Solution: Mg, =Mp, = [ 0 1 1 [, Mpi=Mg) =|0 0 1
1 01 1 00
10 1

Mg,ur, =Mpg, VMg, = | 1 1 1|,
110

MleRQ = MR1 A MR2 =
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Operations on Representation Matrices of Relations

Exercise

Let Ry and Ry be two relations on A = {a, b, ¢} and their representation matrices
are:

Mpg, .

1 0 1 1 0 1
=(1 0 0| Mg,=|0 11
010 100

Find representation matrix for Ry, Ry *, Ry U Ry, and R; N Ry

01 0 110
Solution: Mg =Mp, = | 0 1 1 |[,My1=(Mg,) =]0 0 1
1 01 100
(1 0 1]
Mg,ur, = Mg, VMg, = 1 1 17,
11 0|
(1 0 1]
MRlﬁRzzMRl/\MRQZ 0 0 0
|0 0 0]
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Contents

© Some Binary Relations with Special Properties
o Reflexive and Irreflexive Relations

MZI (SoC Tel-U) Relation March 2023 11 / 53



Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Reflexive and Irreflexive Relations

Definition
Let R be a binary relation on A, relation R is:

Q reflexive, if for every a € A we have (a,a) € R, or aRa
(R is reflexive if: Va (aRa) or Va ((a,a) € R)).

@ irreflexive, if for every a € A we have (a,a) € R, or alRa.
(R irreflexive if: Va (aRRa) or Va ((a,a) € R) or Ya (- (a,a) € R)).

Question:
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Reflexive and Irreflexive Relations

Definition
Let R be a binary relation on A, relation R is:

Q reflexive, if for every a € A we have (a,a) € R, or aRa
(R is reflexive if: Va (aRa) or Va ((a,a) € R)).

@ irreflexive, if for every a € A we have (a,a) € R, or alRa.
(R irreflexive if: Va (aRRa) or Va ((a,a) € R) or Ya (- (a,a) € R)).

Question: Does irreflexive mean not reflexive?
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Examples

Example

Let A ={1,2,3,4}, Ry, R2, and Rj3 be relations on A defined as:
Q R ={(1,1),(1,3),(2,1),(2,2),(3,3),(4,2),(4,3), (4,4)}.
Q R =1{(1,2),(2,3),(3,4),(4,1)}.
Q R3=1{(1,1),(1,2),(2,3),(2,4),(3,3), (4,1}

We have:
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Examples

Example

Let A ={1,2,3,4}, Ry, R2, and Rj3 be relations on A defined as:
Q R ={(1,1),(1,3),(2,1),(2,2),(3,3),(4,2),(4,3), (4,4)}.
Q R =1{(1,2),(2,3),(3,4),(4,1)}.
Q R3=1{(1,1),(1,2),(2,3),(2,4),(3,3), (4,1}

We have:

@ Relation R is reflexive because (1,1) € Ry, (2,2) € Ry, (3,3) € Ry,
(474) € R;.
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Examples

Example

Let A ={1,2,3,4}, Ry, R2, and Rj3 be relations on A defined as:
Q R ={(1,1),(1,3),(2,1),(2,2),(3,3),(4,2),(4,3), (4,4)}.
Q R =1{(1,2),(2,3),(3,4),(4,1)}.
Q R3=1{(1,1),(1,2),(2,3),(2,4),(3,3), (4,1}

We have:

@ Relation R is reflexive because (1,1) € Ry, (2,2) € Ry, (3,3) € Ry,

(4,4) € R;. Relation Ry is not irreflexive because (1,1) € Ry is not true.
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Examples

Example
Let A ={1,2,3,4}, Ry, R2, and Rj3 be relations on A defined as:
Q R ={(1,1),(1,3),(2,1),(2,2),(3,3),(4,2),(4,3), (4,4)}.
Q R =1{(1,2),(2,3),(3,4),(4,1)}.
Q Rs={(1,1),(1,2),(2,3),(2,4),(3,3), (4,1}
We have:
@ Relation R is reflexive because (1,1) € Ry, (2,2) € Ry, (3,3) € Ry,

(4,4) € R;. Relation Ry is not irreflexive because (1,1) € Ry is not true.
@ Relation Ry is not reflexive because (1,1) ¢ Ra.
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Examples

Example
Let A ={1,2,3,4}, Ry, R2, and Rj3 be relations on A defined as:
Q R ={(1,1),(1,3),(2,1),(2,2),(3,3),(4,2),(4,3), (4,4)}.
0 Ry ={(1,2),(2,3),3,4), (41}
Q Rs={(1,1),(1,2),(2,3),(2,4),(3,3), (4,1}
We have:
@ Relation R is reflexive because (1,1) € Ry, (2,2) € Ry, (3,3) € Ry,
(4,4) € R;. Relation Ry is not irreflexive because (1,1) € Ry is not true.

@ Relation R is not reflexive because (1,1) ¢ Ry. Relation Ry is irreflexive
because (1,1) € Ry, (2,2) € R, (3,3) € Ro, and (4,4) € R».

MZI (SoC Tel-U) Relation March 2023 13 / 53



Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Examples

Example
Let A ={1,2,3,4}, Ry, R2, and Rj3 be relations on A defined as:
Q R ={(1,1),(1,3),(2,1),(2,2),(3,3),(4,2),(4,3), (4,4)}.
0 Ry ={(1,2),(2,3),3,4), (41}
Q Rs={(1,1),(1,2),(2,3),(2,4),(3,3), (4,1}
We have:
@ Relation R is reflexive because (1,1) € Ry, (2,2) € Ry, (3,3) € Ry,
(4,4) € R;. Relation Ry is not irreflexive because (1,1) € Ry is not true.

@ Relation R is not reflexive because (1,1) ¢ Ry. Relation Ry is irreflexive
because (1,1) € Ry, (2,2) € R, (3,3) € Ro, and (4,4) € R».
@ Relation Rj3 is not reflexive because (2,2) ¢ Rs.
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Examples

Example
Let A ={1,2,3,4}, Ry, R2, and Rj3 be relations on A defined as:
Q R ={(1,1),(1,3),(2,1),(2,2),(3,3),(4,2),(4,3), (4,4)}.
0 Ry ={(1,2),(2,3),3,4), (41}
Q Rs={(1,1),(1,2),(2,3),(2,4),(3,3), (4,1}
We have:
@ Relation R is reflexive because (1,1) € Ry, (2,2) € Ry, (3,3) € Ry,
(4,4) € R;. Relation Ry is not irreflexive because (1,1) € Ry is not true.

@ Relation R is not reflexive because (1,1) ¢ Ry. Relation Ry is irreflexive
because (1,1) € Ry, (2,2) € R, (3,3) € Ro, and (4,4) € R».

@ Relation Rj3 is not reflexive because (2,2) ¢ R3. Relation R3 is not
irreflexive because it is not true that (1,1) ¢ R3.
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.

Q aRsbiffa=b+1.

@ aRsb iff a divided by b is integer.
Q aRyb iff a > b2

Solution:
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.
Q aRsbiffa=b+1.
@ aRsb iff a divided by b is integer.
Q aR4b iff a > b2
Solution:

Q R; is reflexive because for all a € Z we have a < q,
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.
Q aRsbiffa=b+1.
@ aRsb iff a divided by b is integer.
Q aR4b iff a > b2
Solution:

Q R, is reflexive because for all a € Z we have a < a, R7 is not irreflexive
because 0 < 0.
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.

Q aRsbiffa=b+1.

@ aRsb iff a divided by b is integer.
Q aRyb iff a > b2

Solution:

Q R, is reflexive because for all a € Z we have a < a, R7 is not irreflexive
because 0 < 0.

Q@ R, is not reflexive because 0 # 0 + 1,
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.

Q aRsbiffa=b+1.

@ aRsb iff a divided by b is integer.
Q aRyb iff a > b2

Solution:

Q R, is reflexive because for all a € Z we have a < a, R7 is not irreflexive
because 0 < 0.

Q R, is not reflexive because 0 # 04 1, Rs is irreflexive because for all a € Z
we have a # a + 1 (aRya).
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.

Q aRsbiffa=b+1.

@ aRsb iff a divided by b is integer.
Q aRyb iff a > b2

Solution:

Q R, is reflexive because for all a € Z we have a < a, R7 is not irreflexive
because 0 < 0.

Q R, is not reflexive because 0 # 04 1, Rs is irreflexive because for all a € Z
we have a # a + 1 (aRya).
@ Rj is not reflexive because 0 divided by 0 is not an integer,
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.

Q aRsbiffa=b+1.

@ aRsb iff a divided by b is integer.
Q aRyb iff a > b2

Solution:

Q R, is reflexive because for all a € Z we have a < a, R7 is not irreflexive
because 0 < 0.

Q R, is not reflexive because 0 # 04 1, Rs is irreflexive because for all a € Z
we have a # a + 1 (aRya).

@ Rj is not reflexive because 0 divided by 0 is not an integer, R3 is not
irreflexive because 1 divides 1.
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.

Q aRsbiffa=b+1.

@ aRsb iff a divided by b is integer.
Q aRyb iff a > b2

Solution:

Q R, is reflexive because for all a € Z we have a < a, R7 is not irreflexive
because 0 < 0.

Q R, is not reflexive because 0 # 04 1, Rs is irreflexive because for all a € Z
we have a # a + 1 (aRya).

@ Rj is not reflexive because 0 divided by 0 is not an integer, R3 is not
irreflexive because 1 divides 1.

Qo

R, is not reflexive because 2 % 22,
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Some Binary Relations with Special Properties Reflexive and Irreflexive Relations

Exercise: Reflexive and Irreflexive Relations

Exercise

Let Z be the set of integers, determine whether relations below is reflexive,
irreflexive, or not both.

Q aRyb iff a <b.

Q aRsbiffa=b+1.

@ aRsb iff a divided by b is integer.
Q aRyb iff a > b2

Solution:

Q R, is reflexive because for all a € Z we have a < a, R7 is not irreflexive
because 0 < 0.

Q R, is not reflexive because 0 # 04 1, Rs is irreflexive because for all a € Z
we have a # a + 1 (aRya).

@ Rj is not reflexive because 0 divided by 0 is not an integer, R3 is not
irreflexive because 1 divides 1.

Qo

R, is not reflexive because 2 ¥ 22, Ry is not irreflexive because 0 > 02.
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

© Some Binary Relations with Special Properties

@ Symmetric, Antisymmetric, and Asymmetric Relations
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Symmetric, Antisymmetric, & Asymmetric

Definition
Let R be a binary relation on A, relation R is:

@ symmetric, if every a,b € A satisfies: if aRb then bRa, (VaVb (aRb — bRa));

Q antisymmetric, if every a,b € A satisfies if aRb and bRa then a = b,
(Va¥b (aRb A bRa — a = b));

@ asymmetric, if every a,b € A satisfies if aRb then bRa, (VaVb (aRb — bRa)).

Question:
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Symmetric, Antisymmetric, & Asymmetric

Definition
Let R be a binary relation on A, relation R is:

@ symmetric, if every a,b € A satisfies: if aRb then bRa, (VaVb (aRb — bRa));

Q antisymmetric, if every a,b € A satisfies if aRb and bRa then a = b,
(Va¥b (aRb A bRa — a = b));

@ asymmetric, if every a,b € A satisfies if aRb then bRa, (VaVb (aRb — bRa)).

Question: Does antisymmetric mean not symmetric?
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Symmetric, Antisymmetric, & Asymmetric

Definition
Let R be a binary relation on A, relation R is:

@ symmetric, if every a,b € A satisfies: if aRb then bRa, (VaVb (aRb — bRa));

Q antisymmetric, if every a,b € A satisfies if aRb and bRa then a = b,
(Va¥b (aRb A bRa — a = b));

@ asymmetric, if every a,b € A satisfies if aRb then bRa, (VaVb (aRb — bRa)).

Question: Does antisymmetric mean not symmetric? Does asymmetric mean not
symmetric?
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

0 & ={(1,1),(1,2),(21),(2,2),(24),42),(44)}
o RQ_{(v )a(2’3)7( ) (4 2)}

Q Rz ={(1,1),(2,2),(3,3)}.

0 Ry={(1,2),(3,4)}.

We have that:
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

0 & ={(1,1),(1,2),(21),(2,2),(24),42),(44)}
o RQ_{(v )a(2’3)7( ) (4 2)}

Q Rz ={(1,1),(2,2),(3,3)}.

0 Ry={(1,2),(3,4)}.

We have that:
@ Relation R; is symmetric because 1R12 — 2R;1 and 2R14 — 4R;2is T.
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

0 & ={(1,1),(1,2),(21),(2,2),(24),42),(44)}
o RQ_{(v )a(2’3)7( ) (4 2)}

Q Rz ={(1,1),(2,2),(3,3)}.

0 Ry={(1,2),(3,4)}.

We have that:

@ Relation R; is symmetric because 1R12 — 2R;1 and 2R14 — 4R;2is T.
Relation R; is not antisymmetric because (1R12) A (2R;1) — (1 =2) is F.
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

0 & ={(1,1),(1,2),(21),(2,2),(24),42),(44)}
o RQ_{(v )a(2’3)7( ) (4 2)}

Q Rz ={(1,1),(2,2),(3,3)}.

0 Ry={(1,2),(3,4)}.

We have that:

@ Relation R; is symmetric because 1R12 — 2R;1 and 2R14 — 4R;2is T.
Relation R; is not antisymmetric because (1R12) A (2R;1) — (1 =2) is F.
Relation R; is not asymmetric because (1R12) — (2R,1) is F.
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

0 & ={(1,1),(1,2),(21),(2,2),(24),42),(44)}
o RQ_{(v )a(2’3)7( ) (4 2)}

Q Rz ={(1,1),(2,2),(3,3)}.

0 Ry={(1,2),(3,4)}.

We have that:

@ Relation R; is symmetric because 1R12 — 2R;1 and 2R14 — 4R;2is T.
Relation R; is not antisymmetric because (1R12) A (2R;1) — (1 =2) is F.
Relation R; is not asymmetric because (1R12) — (2R,1) is F.

@ Relation R5 is not symmetric because 2R3 — 3R52 is F.
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Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

0 & ={(1,1),(1,2),(21),(2,2),(24),42),(44)}
o RQ_{(v )a(2’3)7( ) (4 2)}

Q Rz ={(1,1),(2,2),(3,3)}.

0 Ry={(1,2),(3,4)}.

We have that:

@ Relation R; is symmetric because 1R12 — 2R;1 and 2R14 — 4R;2is T.
Relation R; is not antisymmetric because (1R12) A (2R;1) — (1 =2) is F.
Relation R; is not asymmetric because (1R12) — (2R,1) is F.

@ Relation R5 is not symmetric because 2R3 — 3R52 is F. Relation R is
not antisymmetric because (2R24) A (4R22) — (2 =4) is F. Relation Ry is
not asymmetric because 2Ry4 — 4R,2 is F.
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

© Relation R3 is symmetric because 1R31 — 1R31, 2R32 — 2R32, and
3R33 — 3R33 are T.

MZI (SoC Tel-U) Relation March 2023 18 / 53



Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

© Relation R3 is symmetric because 1R31 — 1R31, 2R32 — 2R32, and
3R33 — 3R33 are T. Relation R3 is antisymmetric because
(aRsb) A (bR3a) — (a =10) is T for every a,b € {1,2,3}, because there are
no a # b satisfies (aR3b) A (bR3a).
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© Relation R3 is symmetric because 1R31 — 1R31, 2R32 — 2R32, and
3R33 — 3R33 are T. Relation R3 is antisymmetric because
(aRsb) A (bR3a) — (a =10) is T for every a,b € {1,2,3}, because there are
no a # b satisfies (aR3b) A (bRsa). Relation Rj3 is not asymmetric because
1R31 — 1R, is F.
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© Relation R3 is symmetric because 1R31 — 1R31, 2R32 — 2R32, and
3R33 — 3R33 are T. Relation R3 is antisymmetric because
(aRsb) A (bR3a) — (a =10) is T for every a,b € {1,2,3}, because there are
no a # b satisfies (aR3b) A (bRsa). Relation Rj3 is not asymmetric because
1R31 — 1R, is F.

© Relation R4 is not symmetric because 1R42 — 2R41 is F.
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© Relation R3 is symmetric because 1R31 — 1R31, 2R32 — 2R32, and
3R33 — 3R33 are T. Relation R3 is antisymmetric because
(aRsb) A (bR3a) — (a =10) is T for every a,b € {1,2,3}, because there are
no a # b satisfies (aR3b) A (bRsa). Relation Rj3 is not asymmetric because
1R31 — 1,1 is F.

© Relation R4 is not symmetric because 1R42 — 2R41 is F. Relation Ry is
antisymmetric because (aR4b) A (bRya) — (a = b) always T, because
(aR4b) A (bR4a) always F.
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

© Relation R3 is symmetric because 1R31 — 1R31, 2R32 — 2R32, and
3R33 — 3R33 are T. Relation R3 is antisymmetric because
(aRsb) A (bR3a) — (a =10) is T for every a,b € {1,2,3}, because there are
no a # b satisfies (aR3b) A (bRsa). Relation Rj3 is not asymmetric because
1R31 — 1R, is F.

© Relation R4 is not symmetric because 1R42 — 2R41 is F. Relation Ry is
antisymmetric because (aR4b) A (bRya) — (a = b) always T, because
(aR4b) A (bR4a) always F. Relation R4 is asymmetric because
1R42 — 2R,1 and 3R44 — 4R,3 are T.
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Exercise: Symmetry, Antisymmetry, Asymmetry

Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,
Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:
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Q@ R; is symmetric because for every integers a and b we have:
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Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,
Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:

Q@ R; is symmetric because for every integers a and b we have:
aRb=ad>=0 =0 =d’>=



Exercise: Symmetry, Antisymmetry, Asymmetry

Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,
Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:

Q@ R; is symmetric because for every integers a and b we have:
aRib= a®>=0b%>= 1% =a® = bRya.
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Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,
Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:

Q@ R; is symmetric because for every integers a and b we have:
aRib = a®> =b% = b® = a? = bRia. R; is not antisymmetric because
92 = (—2)® and (—2)> =22 but 2 # —2 (2R; — 2 and —2R;2 and 2 # —2).
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Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,
Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:

Q@ R; is symmetric because for every integers a and b we have:
aRib = a®> =b% = b® = a? = bRia. R; is not antisymmetric because
922 = (=2)” and (=2)° = 22 but 2 # —2 (2R, — 2 and —2R;2 and 2 # —2).
Ry is not asymmetric because 22 = (—2)* and (—2)% = 22 (2R; — 2 but
—2R,2 is not true).
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Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,
Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:
Q@ R; is symmetric because for every integers a and b we have:
aRib = a®> =b% = b® = a? = bRia. R; is not antisymmetric because
922 = (=2)” and (=2)° = 22 but 2 # —2 (2R, — 2 and —2R;2 and 2 # —2).
Ry is not asymmetric because 22 = (—2)* and (—2)% = 22 (2R; — 2 but
—2R,2 is not true).
@ Ry is not symmetric because 0 < 1 but 1 £ 0 (OR>1 and 1R,0).
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Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,

Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:

Q@ R; is symmetric because for every integers a and b we have:
aRib = a®> =b% = b® = a? = bRia. R; is not antisymmetric because
922 = (=2)” and (=2)° = 22 but 2 # —2 (2R, — 2 and —2R;2 and 2 # —2).
Ry is not asymmetric because 22 = (—2)* and (—2)% = 22 (2R; — 2 but
—2R,2 is not true).

@ Ry is not symmetric because 0 < 1 but 1 £ 0 (OR>1 and 1R,0). Ry is

antisymmetric because if a < b and b < a then a = 0.
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Exercise
Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,

Q aRyb iff a <b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:

Q@ R; is symmetric because for every integers a and b we have:
aRib = a®> =b% = b® = a? = bRia. R; is not antisymmetric because
922 = (=2)” and (=2)° = 22 but 2 # —2 (2R, — 2 and —2R;2 and 2 # —2).
Ry is not asymmetric because 22 = (—2)* and (—2)% = 22 (2R; — 2 but
—2R,2 is not true).

@ Ry is not symmetric because 0 < 1 but 1 £ 0 (OR>1 and 1R,0). Ry is
antisymmetric because if a < b and b < a then a = b. Ry is not asymmetric
because 0 < 0.



Exercise: Symmetry, Antisymmetry, Asymmetry

Exercise

Let Z be the set of integers, determine whether relations below is symmetric,
antisymmetric, asymmetric, or none of them are true.

Q aRyb iff a® = b2,
Q aRsb iff a < b.

Q aRsbiff a < b.

Q aRyb iff a divides b.

Solution:

Q@ R; is symmetric because for every integers a and b we have:
aRib = a®> =b% = b® = a? = bRia. R; is not antisymmetric because
922 = (=2)” and (=2)° = 22 but 2 # —2 (2R, — 2 and —2R;2 and 2 # —2).
Ry is not asymmetric because 22 = (—2)* and (—2)% = 22 (2R; — 2 but
—2R,2 is not true).

@ Ry is not symmetric because 0 < 1 but 1 £ 0 (OR>1 and 1R,0). Ry is
antisymmetric because if a < b and b < a then a = b. Ry is not asymmetric
because 0 < 0. Note that if Ry asymmetric, then for every a,b € Z we must
have: if aR2b then bR,a, even if a = b.



Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

@ Rj is not symmetric because 1 < 2 but 2 £ 1 (1R32 and 2RR,1).
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@ Rj is not symmetric because 1 < 2 but 2 £ 1 (1R32 and 2R,1). R3 is
antisymmetric because there are no integers a and b satisfy both a < b
(aRs3b) and b < a (bRsa).
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@ Rj is not symmetric because 1 < 2 but 2 £ 1 (1R32 and 2R,1). R3 is
antisymmetric because there are no integers a and b satisfy both a < b
(aRsb) and b < a (bRsa). Rs is asymmetric because if a < b (aR3b) then
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

@ Rj is not symmetric because 1 < 2 but 2 £ 1 (1R32 and 2R,1). R3 is
antisymmetric because there are no integers a and b satisfy both a < b
(aRsb) and b < a (bRsa). Rs is asymmetric because if a < b (aR3b) then
obviously b £ a (bR,a).

@ Ry is not symmetric because 1 divides 2 but 2 does not divide 1 (1R42 and

2R,1).
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

@ Rj is not symmetric because 1 < 2 but 2 £ 1 (1R32 and 2R,1). R3 is
antisymmetric because there are no integers a and b satisfy both a < b
(aRsb) and b < a (bRsa). Rs is asymmetric because if a < b (aR3b) then
obviously b £ a (bR,a).

@ Ry is not symmetric because 1 divides 2 but 2 does not divide 1 (1R42 and
2R,1). Ry is not antisymmetric because 1 divides —1 and —1 divides 1 but
1# -1 (1Rsy — 1 and —1R41 but 1 # —1).
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Some Binary Relations with Special Properties Symmetric, Antisymmetric, and Asymmetric Relations

@ Rj3 is not symmetric because 1 < 2 but 2 £ 1 (1R32 and 2R,1). R3 is
antisymmetric because there are no integers a and b satisfy both a < b
(aRsb) and b < a (bRsa). Rs is asymmetric because if a < b (aR3b) then
obviously b £ a (bR,a).

@ Ry is not symmetric because 1 divides 2 but 2 does not divide 1 (1R42 and
2R,1). Ry is not antisymmetric because 1 divides —1 and —1 divides 1 but
1# —1(1Ry — 1 and —1R41 but 1 # —1). Ry is not asymmetric because 1
divides —1 and —1 divides 1 (1R4 — 1 but —1R,1 is not true).

Theorem

Every asymmetric relation is irreflexive.
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@ Transitive Relations
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Some Binary Relations with Special Properties Transitive Relations

Transitive Relations

Definition

Let R be a binary relation on A, relation R is transitive, if for every a,b,c € A we
have: if aRb and bRc then aRe, (VavbVc (aRb A bRc — aRc)).

MZI (SoC Tel-U) Relation March 2023 22 /53



Some Binary Relations with Special Properties Transitive Relations

Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

Q R ={(21),0,1),0,2),(41),(42),(43)}.
QRQ_{(71)7(273)7( ) (42)}
Q Rs={(1,1),(2,2),(3,3),(4,4)}.
Q R, ={(1,2),(3,4)}
Q R;={(4,4)}.
We have:
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Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

Q R ={(21),0,1),0,2),(41),(42),(43)}.
QRQ_{(71)7(273)7( ) (42)}
Q Rs={(1,1),(2,2),(3,3),(4,4)}.
Q R, ={(1,2),(3,4)}
Q R;={(4,4)}.
We have:

@ R, is transitive because:
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Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

Q R ={(21),0,1),0,2),(41),(42),(43)}.
QRQ_{(71)7(273)7( ) (42)}
Q Rs={(1,1),(2,2),(3,3),(4,4)}.
Q R, ={(1,2),(3,4)}
Q R;={(4,4)}.
We have:

@ R, is transitive because:
(3R12) A (2R11) — (BR11)is T

MZI (SoC Tel-U) Relation March 2023

23 /53



Some Binary Relations with Special Properties Transitive Relations

Examples

Example
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Some Binary Relations with Special Properties Transitive Relations

Examples

Example
Let A ={1,2,3,4}, Ry, Ry, R3, and Ry be relations on A defined as:

Q R ={(21),0,1),0,2),(41),(42),(43)}.
QRQ_{(71)7(2’3)7( ) (42)}
Q Rs={(1,1),(2,2),(3,3),(4,4)}.
Q R, ={(1,2),(3,4)}
Q R;={(4,4)}.
We have:

@ R, is transitive because:

(3R12) A (2R11) — (3R11) is T
(4R12) A (2R11) — (4R11) is T
(4R13) A (3R11) — (4R1 ) is T
(4R13) A (3R12) — (4R12) is T.

No a, b, ¢ such that (aR1b) A (bRic) — (aRjc) is F.
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Some Binary Relations with Special Properties Transitive Relations

@ Ry is not transitive because (4R32) A (2R33) — (4R22) is F, we also have
another counterexample, (4R22) A (2R24) — (4R24) which is F, also for
(2Rz4) A (4R52) — (2R52) = F.
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@ Ry is not transitive because (4R32) A (2R33) — (4R22) is F, we also have
another counterexample, (4R22) A (2R24) — (4R24) which is F, also for
(2Rz4) A (4R52) — (2R52) = F.

© Rj transitive because there is no a, b, and ¢ causing
(aRsb) A (bR3c) — (aRsc) to be F.
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@ Ry is not transitive because (4R32) A (2R33) — (4R22) is F, we also have
another counterexample, (4R22) A (2R24) — (4R24) which is F, also for
(2Rz4) A (4R52) — (2R52) = F.

© Rj transitive because there is no a, b, and ¢ causing
(aRsb) A (bR3c) — (aRsc) to be F.

© R, transitive because there is no a, b, and ¢ causing
(aR4b) A (bR4c) — (aRyc) to be F.
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Some Binary Relations with Special Properties Transitive Relations

@ Ry is not transitive because (4R32) A (2R33) — (4R22) is F, we also have
another counterexample, (4R22) A (2R24) — (4R24) which is F, also for
(2Ro4) A (4R32) — (2R52) = F.

© Rj transitive because there is no a, b, and ¢ causing
(aRsb) A (bR3c) — (aRsc) to be F.

© R, transitive because there is no a, b, and ¢ causing
(aR4b) A (bR4c) — (aRyc) to be F.

@ Rj5 transitive because there is no a, b, and ¢ causing
(aRsb) A (bR5c) — (aRsc) to be F.
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Some Binary Relations with Special Properties Transitive Relations

Transitive Relation Proof

Definition
Let a and b be two integers with a # 0, integer a divides b (or b is divisible by a)
if there exist an integer k such that ka = b.

Example
We have:

@ 2 divides 6,
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Transitive Relation Proof

Definition
Let a and b be two integers with a # 0, integer a divides b (or b is divisible by a)
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Transitive Relation Proof

Definition

Let a and b be two integers with a # 0, integer a divides b (or b is divisible by a)
if there exist an integer k such that ka = b.

Example
We have:

o 2 divides 6, because we have 3-2 =6,
@ —2 divides 6, because we have —3 - —2 = 6,
@ —7 divides 0,
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Some Binary Relations with Special Properties Transitive Relations

Transitive Relation Proof

Definition

Let a and b be two integers with a # 0, integer a divides b (or b is divisible by a)
if there exist an integer k such that ka = b.

Example
We have:

o 2 divides 6, because we have 3 -2 = 6,

@ —2 divides 6, because we have —3 - —2 = 6,
@ —7 divides 0, because we have 0- —7 = 0,
o 11 divides 11,
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Some Binary Relations with Special Properties Transitive Relations

Transitive Relation Proof

Definition

Let a and b be two integers with a # 0, integer a divides b (or b is divisible by a)
if there exist an integer k such that ka = b.

Example
We have:

o 2 divides 6, because we have 3 -2 = 6,

@ —2 divides 6, because we have —3 - —2 = 6,
@ —7 divides 0, because we have 0- —7 = 0,
@ 11 divides 11, because we have 1-11 =11,
@ 6 does not divide 3,
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Some Binary Relations with Special Properties Transitive Relations

Transitive Relation Proof

Definition

Let a and b be two integers with a # 0, integer a divides b (or b is divisible by a)
if there exist an integer k such that ka = b.

Example
We have:

o 2 divides 6, because we have 3 -2 = 6,

@ —2 divides 6, because we have —3 - —2 = 6,

@ —7 divides 0, because we have 0- —7 = 0,

@ 11 divides 11, because we have 1-11 =11,

@ 6 does not divide 3, because there is no k € 7Z satisfies k - 6 = 3.
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Some Binary Relations with Special Properties Transitive Relations

Prove this theorem.

Theorem
Let Z be the set of integers and R be a relation on Z with: aRb iff a divides b, for
every a,b € Z. Relation R is transitive.
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Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof
We will prove that
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Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof
We will prove that aRb A bRc — aRc, or:
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Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof

We will prove that aRb A bRc — aRc, or: if a divides b and b divides ¢, then a
divides c.
Let a divides b, then
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Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof

We will prove that aRb A bRc — aRc, or: if a divides b and b divides ¢, then a
divides c.

Let a divides b, then there exists k € Z such that k- a = b.

Let b divides ¢, then
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Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof

We will prove that aRb A bRc — aRc, or: if a divides b and b divides ¢, then a
divides c.

Let a divides b, then there exists k € Z such that k- a = b.

Let b divides ¢, then there exists £ € Z such that £-b = c.

From the two equations above, we have

MZI (SoC Tel-U) Relation March 2023 27 /53



Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof

We will prove that aRb A bRc — aRc, or: if a divides b and b divides ¢, then a
divides c.

Let a divides b, then there exists k € Z such that k- a = b.

Let b divides ¢, then there exists £ € Z such that £-b = c.

From the two equations above, we have

{-b = ¢
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Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof

We will prove that aRb A bRc — aRc, or: if a divides b and b divides ¢, then a
divides c.

Let a divides b, then there exists k € Z such that k- a = b.

Let b divides ¢, then there exists £ € Z such that £-b = c.

From the two equations above, we have

L-(k-a) = ¢
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Some Binary Relations with Special Properties Transitive Relations

Proof That Divisibility Is Transitive

Proof

We will prove that aRb A bRc — aRc, or: if a divides b and b divides ¢, then a
divides c.

Let a divides b, then there exists k € Z such that k- a = b.

Let b divides ¢, then there exists £ € Z such that £-b = c.

From the two equations above, we have

{-b = ¢
L-(k-a) = ¢
(lk)-a = ¢

for some ¢k € Z. So, a divides c. O
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:

@ Assume aR;b and bR;c,
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:

@ Assume aRib and bR;c, then we have a? < b2 and b? < 2.
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:

@ Assume aRib and bR;c, then we have a? < b2 and b2 < ¢2. So,
a? < b? < 2,
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:

@ Assume aRib and bR;c, then we have a? < b2 and b2 < ¢2. So,
a2 < b <2 ora? <.
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:

@ Assume aRib and bR;c, then we have a? < b2 and b2 < ¢2. So,
a2 < b <2, ora® < c? Then aRyec.
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:

@ Assume aRib and bR;c, then we have a? < b2 and b2 < ¢2. So,
a2 < b2 < c? ora? <2 Then aRyc. So Ry is transitive.
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:
@ Assume aRib and bR;c, then we have a? < b2 and b2 < ¢2. So,
a2 < b2 < c? ora? <2 Then aRyc. So Ry is transitive.

Q@ We see that —4Ry — 2 (because —4 > 2(—2) or —4 > —4) and —2Ry — 1
(because —2 > 2(—1) or —2 > —2).
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Some Binary Relations with Special Properties Transitive Relations

Exercise: Transitive Relations

Exercise

Let R be the set of real numbers, determine whether relations below are transitive
or not.

TRy iff 22 <92
xRoy iff x > 2y.
xRsy iff xy > 0.
TRy iff x > 32,

©000

Solution:
@ Assume aRib and bR;c, then we have a? < b2 and b2 < ¢2. So,
a2 < b2 < c? ora? <2 Then aRyc. So Ry is transitive.
Q@ We see that —4Ry — 2 (because —4 > 2(—2) or —4 > —4) and —2Ry — 1
(because —2 > 2(—1) or —2 > —2). But —4R, — 1 because (—4 # 2(—1)
or —4 # —2). So Ry is not transitive.
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Some Binary Relations with Special Properties Transitive Relations

@ We see that —2R30 (because —2 -0 > 0) and 0R33 (because 0-3 > 0).
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Some Binary Relations with Special Properties Transitive Relations

@ We see that —2R30 (because —2-0 > 0) and 0R33 (because 0-3 > 0). But
—2R,3 because —2-3 Z 0.
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Some Binary Relations with Special Properties Transitive Relations

@ We see that —2R30 (because —2-0 > 0) and 0R33 (because 0-3 > 0). But
—2R,3 because —2-3 2 0. So Rj is not transitive.
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Some Binary Relations with Special Properties Transitive Relations

@ We see that —2R30 (because —2-0 > 0) and 0R33 (because 0-3 > 0). But
—2R,3 because —2-3 2 0. So Rj is not transitive.

2
@ We see that 1R,% (because ; > (%)2) and %]ﬁ% (because 1 > (%) ).
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Some Binary Relations with Special Properties Transitive Relations

@ We see that —2R30 (because —2-0 > 0) and 0R33 (because 0-3 > 0). But
—2R,3 because —2-3 2 0. So Rj is not transitive.

2

@ We see that 1R,% (because 1 > (3 ) ) and R4\f (because 1 > (%) ).
2

But il}?ﬁ‘% (because 1 # (%) ).
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Some Binary Relations with Special Properties Transitive Relations

@ We see that —2R30 (because —2-0 > 0) and 0R33 (because 0-3 > 0). But
—2R,3 because —2-3 2 0. So Rj is not transitive.

2
@ We see that 1R,% (because 1 > (3 ) ) and R4\f (because 1 (%) ).

2
But il}?ﬁ‘% (because 1 # (%) ). So Ry is not transitive.
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Some Binary Relations with Special Properties Transitive Relations

Challenging Problem

Let p and ¢ be two integers with ¢ # 0, p is divisible by ¢ if ¢ divides p (there
exists k € Z such that kq = p).

Challenging Problem

Check whether these relations are transitive or not:

@ R is a relation on Z defined as: aRb iff a — b is divisible by 2, for every
a,b eZ.

@ R is a relation on Z defined as: aRD iff a — b is not divisible by 2, for every
a,beZ.

@ R is a relation on Z defined as: aRb iff ab is divisible by 3, for every a,b € Z.
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Relation Properties from Its Representation Matrix

Properties of Relation from Its Representation Matrices |

Let A be a set with n elements and R be a relation on A. If My is a
representation matrix for R, then My will have properties that reflect the
properties of relation R.

Q If R is reflexive, then

1 *
1
Mp =
* 1
Q If R is irreflexive, then
0 *
0
Mg =
* 0
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Relation Properties from Its Representation Matrix

Properties of Relation from Its Representation Matrices Il

Q If R is symmetric, then My = (MR)T, or My is a symmetric matrix.

@ If R is antisymmetric and Mg = [m;;], then for every 4,5 € {1,2,...,n} we
have: if i # j, then m;; = 0 or m;; = 0.

@ If R is asymmetric and My = [m;;], then for every i,j € {1,2,...,n} we
have: if m;; = 1 then m;; = 0.

@ If R transitive and Mg = [m;;], then for every i, 7,k € {1,2,...,n} we have:
if mij; = 1 and mjk = 1 then my, = 1.
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Relation Properties from Its Representation Matrix

Exercise: Properties of Relation from Its Matrix

Exercise

Let R be a relation on set A with three elements. Suppose My, is a
representation matrix of R:

o]

\
S = =
= =
—= = O

Check whether
Q@ R is reflexive? R is irreflexive?

Q@ R is symmetric? R is antisymmetric? R is asymmetric?
© R is transitive?
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Solution

@ Every diagonal entry of My is 1, then R is reflexive.
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Solution

@ Every diagonal entry of My is 1, then R is reflexive. It is obvious that R is
not irreflexive because not all diagonal entry of Mp is 0.
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Solution

@ Every diagonal entry of My is 1, then R is reflexive. It is obvious that R is
not irreflexive because not all diagonal entry of Mp is 0.

@ Because (Mp)" = Mp, then R is symmetric.
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Solution

@ Every diagonal entry of My is 1, then R is reflexive. It is obvious that R is
not irreflexive because not all diagonal entry of Mp is 0.

@ Because (Mp)" = Mp, then R is symmetric. Relation R is not
antisymmetric because mis = 1 and mgy; = 1.
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Solution

@ Every diagonal entry of My is 1, then R is reflexive. It is obvious that R is
not irreflexive because not all diagonal entry of Mp is 0.

@ Because (Mp)" = Mp, then R is symmetric. Relation R is not
antisymmetric because m12 = 1 and mg; = 1. Relation R is not asymmetric
because m15 = 1 but mo; # 0.
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Solution

@ Every diagonal entry of My is 1, then R is reflexive. It is obvious that R is
not irreflexive because not all diagonal entry of Mp is 0.

@ Because (Mp)" = Mp, then R is symmetric. Relation R is not
antisymmetric because m12 = 1 and mg; = 1. Relation R is not asymmetric
because m15 = 1 but mo; # 0.

@ R is not transitive because mi2 = 1 and mgy3 = 1 but my3 = 0.
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Relation Properties from Its Representation Matrix

Exercise

Exercise
Find a representation matrix for relation R whose digraph is

l 2f j

Is R reflexive? irreflexive? symmetric? antisymmetric? asymmetric? transitive?
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Solution

Let Mg be a representation matrix of R, then M =
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Solution

Let Mg be a representation matrix of R, then M =

—_ == O
o O = O
===
oo O
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Solution

Let Mg be a representation matrix of R, then M = . Ris not

—_ == O
o O = O
===
oo O

reflexive (because my; = 0) and
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Relation Properties from Its Representation Matrix

Solution

Let Mg be a representation matrix of R, then M = . Ris not

S»-u—w—lo
o O = O
===
oo O

reflexive (because my; = 0) and not irreflexive (because

~—

22 = 1).
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Relation Properties from Its Representation Matrix

Solution

. Ris not

1
Let Mg be a representation matrix of R, then M = }
1

S»-u—w—lo
cor~ o
oo o~

reflexive (because my; = 0) and not irreflexive (because is not

symmetric (because mo; = 1 but my = 0),

29 = 1)
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Solution

_ = O

Let Mg be a representation matrix of R, then M =

1

oo = O

1
1
1
1

reflexive (because my; = 0) and not irreflexive (because mag = 1)

symmetric (because mgo; = 1 but my3 = 0), R is not antisymmetric (because

mi3 = M31 =1 and 17&3),
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Solution

00 11
. . 1 1.1 0 .
Let Mg be a representation matrix of R, then M = 101 0l R is not
1 0 1 0

reflexive (because my; = 0) and not irreflexive (because may = 1). R is not
symmetric (because mgo; = 1 but my3 = 0), R is not antisymmetric (because
mi3 =m3; = 1 and 1 # 3), R is not asymmetric (because mi3 = 1 and

ms; = ].)
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Solution

00 11
. . 1 1.1 0 .
Let Mg be a representation matrix of R, then M = 101 0l R is not
1 0 1 0

reflexive (because my; = 0) and not irreflexive (because may = 1). R is not

symmetric (because mgo; = 1 but my3 = 0), R is not antisymmetric (because
mi3 =m3; = 1 and 1 # 3), R is not asymmetric (because mi3 = 1 and

ms; = 1). R is not transitive (because mi4 = 1 and my; = 1 but m1; = 0).
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Relation Properties from Its Digraph

Relation Properties from Its Digraph

If R is a relation on a finite set A, then some properties of R can be seen from its
digraph.

o

o

o

o

R is reflexive iff there exists a loop in every vertex of digraph representation
of R.

R is irreflexive iff there is no loop in every vertex of digraph representation of

R.

R is symmetric iff every two vertices in digraph representation of R that have
an edge connecting them also have another edge connecting them with
opposite direction.

R is antisymmetric iff there is no two different vertices connected by two
edges with opposing direction in digraph representation of R..

R is asymmetric iff there is no two vertices connected by two edges with
opposing direction and there is no loop in every vertex of digraph
representation of R.

R is transitive iff for every a,b,c € V we have: if there exists an edge from a
to b and from b to c¢ then there exists an edge from a to c.
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Exercise

Exercise

Check whether the relation S whose digraph representation denoted below

Digraph for S.

is reflexive; irreflexive; symmetric; antisymmetric; asymmetric; transitive.
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Solution to Exercise

Solution: Observe that in digraph representation of .S, there are 3 vertices, named
a,b,c.
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Solution to Exercise

Solution: Observe that in digraph representation of .S, there are 3 vertices, named
a,b,c.

o S is reflexive because there is a loop in vertices a, b, and c.
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Solution to Exercise

Solution: Observe that in digraph representation of .S, there are 3 vertices, named
a,b,c.

o S is reflexive because there is a loop in vertices a, b, and c. Obviously, S is
not irreflexive.
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Relation Properties from Its Digraph

Solution to Exercise

Solution: Observe that in digraph representation of .S, there are 3 vertices, named
a,b,c.

o S is reflexive because there is a loop in vertices a, b, and c. Obviously, S is
not irreflexive.

@ S is not symmetric because there is only 1 edge connecting a and b.
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Relation Properties from Its Digraph

Solution to Exercise

Solution: Observe that in digraph representation of .S, there are 3 vertices, named
a,b,c.

o S is reflexive because there is a loop in vertices a, b, and c. Obviously, S is
not irreflexive.

@ S is not symmetric because there is only 1 edge connecting a and b. Relation
S is not antisymmetric because b is connected to ¢ with two opposing edges.
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Relation Properties from Its Digraph

Solution to Exercise

Solution: Observe that in digraph representation of .S, there are 3 vertices, named
a,b,c.

o S is reflexive because there is a loop in vertices a, b, and c. Obviously, S is
not irreflexive.

@ S is not symmetric because there is only 1 edge connecting a and b. Relation
S is not antisymmetric because b is connected to ¢ with two opposing edges.

Relation S is not asymmetric because the digraph representation of .S
contains loops.
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Solution to Exercise

Solution: Observe that in digraph representation of .S, there are 3 vertices, named
a,b,c.
@ S is reflexive because there is a loop in vertices a, b, and c. Obviously, S is
not irreflexive.
@ S is not symmetric because there is only 1 edge connecting a and b. Relation
S is not antisymmetric because b is connected to ¢ with two opposing edges.
Relation S is not asymmetric because the digraph representation of .S
contains loops.
@ Relation S is not transitive because there exists an edge from b to ¢ (b — ¢)
and from ¢ to a (¢ — a) but there is no edge from b to a (b — a),
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Relation Composition (Relation Product)

Relation Composition (Relation Product)

Definition
Let R be a relation from set A to set B and S be a relation from set B to set C'.
Composition or product of relations R and S is written as S o R and defined as

SoR — (a,¢) |a€ A, cel,
~ | there exists b € B that satisfies (a,b) € R and (b,c) € S [~

So S o R is a relation from A to C.
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Relation Composition (Relation Product)

Relation Composition Using Arrow Diagram

Relation composition S o R can be determined using arrow diagram.

Example

Let A = {123}B—{2 ,6
to B with R ={(1,2),(1,6),
frothoC’withS:{( w)
representation of S o R is

}, and C = {s,t,u}. Let R be a relation from A
4),(3,4),(3,6),(3,8)} and S be a relation
s

, 8
@,
,(4,8),(4,t),(6,t),(8,u)}. Arrow diagram
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Relation Composition (Relation Product)

Relation Composition Using Arrow Diagram

Relation composition S o R can be determined using arrow diagram.

Example

Let A={1,2,3}, B=1{2,4,6,8
to B with R ={(1,2),(1,6),(2,
from B to C with S = {(2,u), (
representation of S o R is

, and C = {s,t,u}. Let R be a relation from A
4),(3,4),(3,6),(3,8)} and S be a relation
,8), (4,t),(6,t),(8,u)}. Arrow diagram

3

We have So R =
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Relation Composition (Relation Product)

Relation Composition Using Arrow Diagram

Relation composition S o R can be determined using arrow diagram.

Example

Let A={1,2,3}, B=1{2,4,6,8
to B with R ={(1,2),(1,6),(2,
from B to C with S = {(2,u), (
representation of S o R is

, and C = {s,t,u}. Let R be a relation from A
4)
s

)

,(3,4),(3,6),(3,8)} and S be a relation
), (4,t),(6,¢),(8,u)}. Arrow diagram
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0, 1,2}.

Solution:
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc.

MZI (SoC Tel-U) Relation March 2023

45 / 53



Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

e for a =1, we have 1Rb for b € {1,4}.
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Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.

o for a = 2, we have 2R3.
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.
o for a = 2, we have 2R3. Because 351 and 352, then
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.

o for a = 2, we have 2R3. Because 351 and 352, then (2,1) € So R and
(2,2) € SoR.
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise
Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0, 1,2}.
Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1,2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that
o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.
o for a = 2, we have 2R3. Because 351 and 352, then (2,1) € So R and
(2,2) € SoR.
o for a = 3, we have 3Rb for b € {1,4}.
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0,1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.

o for a = 2, we have 2R3. Because 351 and 352, then (2,1) € So R and
(2,2) € SoR.

o for a = 3, we have 3Rb for b € {1,4}. Because 150 and 451, then
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R=1{(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0, 1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.

o for a = 2, we have 2R3. Because 351 and 352, then (2,1) € So R and
(2,2) € SoR.

o for a = 3, we have 3Rb for b € {1,4}. Because 150 and 451, then
(3,0) e SoR and (3,1) € So R.

So, SoR =
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Relation Composition (Relation Product)

Exercise: Relation Composition

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} where
R={(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} where S ={(1,0),(2,0),(3,1),(3,2),(4,1)}. Find So R, a relation
from {1,2,3} to {0, 1,2}.

Solution: Elements of S o R are all ordered pair (a, ¢), satisfying a € {1, 2,3},
c € {0,1,2}, and there exists b € {1,2, 3,4} such that aRb and bSc. We see that

o for a =1, we have 1Rb for b € {1,4}. Because 150 and 451, then
(1,0) e SoR and (1,1) € So R.

o for a = 2, we have 2R3. Because 351 and 352, then (2,1) € So R and
(2,2) € SoR.

o for a = 3, we have 3Rb for b € {1,4}. Because 150 and 451, then
(3,0) e SoR and (3,1) € So R.

So, So R = {(1,0),(1,1),(2,1),(2,2),(3,0), (3,1)}.
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Relation Composition (Relation Product)

Exercise

Let R and S be relations on A = {1,2,3,4} defined as: for every a,b € A,

Q aRbiffb=5—a,
Q aShiff a < b.

Find S o R.

Solution: Observe that:
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Relation Composition (Relation Product)

Exercise

Let R and S be relations on A = {1,2,3,4} defined as: for every a,b € A,

Q aRbiffb=5—a,
Q aShiff a < b.
Find S o R.
Solution: Observe that:
© Rrelatesa € Aand (5—a) € A
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Relation Composition (Relation Product)

Exercise
Let R and S be relations on A = {1,2,3,4} defined as: for every a,b € A,

Q aRbiffb=5—a,
Q aShiff a < b.
Find S o R.
Solution: Observe that:
© Rrelatesa € Aand (5—a) € A

@ Next, (5 —a) € A is related by S to elements in A greater than (5 — a).
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Relation Composition (Relation Product)

Exercise

Let R and S be relations on A = {1,2,3,4} defined as: for every a,b € A,
Q aRbiffb=5—a,
Q aShiff a < b.

Find S o R.

Solution: Observe that:
© Rrelatesa € Aand (5—a) € A

@ Next, (5 —a) € A is related by S to elements in A greater than (5 — a).

@ In other words, S o R consists of all ordered pair (a,b) with property
b>5—a,ora+b>>5, sowe have
SoR=1{(a,b) | a,be A and
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Relation Composition (Relation Product)

Exercise

Let R and S be relations on A = {1,2,3,4} defined as: for every a,b € A,
Q aRbiffb=5—a,
Q aShiff a < b.

Find S o R.

Solution: Observe that:
© Rrelatesa € Aand (5—a) € A

@ Next, (5 —a) € A is related by S to elements in A greater than (5 — a).

o In other words, S o R consists of all ordered pair (a, b) with property
b>5—a,ora+b>>5, sowe have
SoR=1{(a,b) | a,be Aand a+b> 5}.

Then So R = {(2,4),(3,3),(3,4),(4,2), (4,3), (4,4)}.
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Relation Composition (Relation Product)

Associative Property of Relation Composition

Theorem

Relation composition is associative, which means if A, B, C, D are four sets, and
o R is a relation from A to B,
@ S is a relation from B to C,
o T'is a relation from C' to D,

then we have
To(SoR)=(ToS)oR.
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Relation Composition (Relation Product)

Relation Composition Using Matrix Representation

Definition (Boolean Product)

Let A be a 0 — 1 matrix with size m x n and B be a 0 — 1 matrix with size n X p.
Boolean product of A and B, denoted by A ® B, is defined as an m X p matrix
whose entry in i-th row and j-th column is

AOB,jl=\/ Ali, k| ABE,j].
k=1
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Relation Composition (Relation Product)

Boolean product of two matrices is essentially the same with the usual matrix
product, with the operation 4+ and - defined as follows:

+ | -
I+1=1]1-1=1
140=1|1-0=
0O+1=1[0-1=

0+0=0]0-0=0
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Relation Composition (Relation Product)

Representation Matrix of So R

Theorem

Let A, B, C be three finite sets and R be a relation from A to B and S be a
relation from B to C. Let Mg and Mg be representation matrices for R and S,
respectively. If S o R is a relation from A to C and Mg.R is a representation
matrix for S o R, then

MSoR = MRQMS.
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Relation Composition (Relation Product)

Exercise

Exercise

Find a representation matrix of S o R if the representation matrices for R and S
are

1 0 1 0 1 0
Mp=|110]| Msg=|0 0 1
0 0 O 1 01
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Relation Composition (Relation Product)

Solution: Let Mgor be a matrix representation for S o R, then

MSOR =
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Relation Composition (Relation Product)

Solution: Let Mgor be a matrix representation for S o R, then

Msor = Mpg O Mg
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Relation Composition (Relation Product)

Solution: Let Mgor be a matrix representation for S o R, then

Msor = Mpgr© Mg
1 0 1 0 1 0
= 1 1 0|0 01
0 0 O 1 0 1
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Relation Composition (Relation Product)

Solution: Let Mgor be a matrix representation for S o R, then

Msor = Mpgr© Mg
(1 0 1 0 1 0
= 1 1 0|0 01
100 0 101

[0+0+1 14+0+0 04+0+1
= 0+0+0 14+0+0 04+140
| 0+04+0 0+0+0 04040
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Relation Composition (Relation Product)

Solution: Let Mgor be a matrix representation for S o R, then

Msor = Mpgr© Mg
(1 0 1 0 1 0
= 1 1 0|0 01
100 0 101

[0+0+1 14+0+0 04+0+1
= 0+0+0 14+0+0 04+140
| 0+04+0 0+0+0 04040

1 1 1
0 1 1
000
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Relation Composition (Relation Product)

Exercise

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} with
R={(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} defined as S = {(1,0),(2,0),(3,1),(3,2),(4,1)}. Find a matrix
representation for relation S o R.

Solution: Mg =
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Relation Composition (Relation Product)

Exercise

Exercise
Let R be a relation from {1,2,3} to {1,2,3,4} with
R={(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to

{0,1,2} defined as S = {(1,0),(2,0),(3,1),(3,2),(4,1)}. Find a matrix
representation for relation S o R.

1 0 0 1
Solution: M= [ 0 0 1 0 |, Mg=
1 0 0 1

MZI (SoC Tel-U) Relation March 2023 53 / 53



Relation Composition (Relation Product)

Exercise

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} with
R={(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} defined as S = {(1,0),(2,0),(3,1),(3,2),(4,1)}. Find a matrix
representation for relation S o R.

1 0 0 1 } 8 8
Solution: Mg = 0 01 01|,Mg= ,
1 0 0 1 0 11
01 0
MSOR =
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Relation Composition (Relation Product)

Exercise

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} with
R={(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to
{0,1,2} defined as S = {(1,0),(2,0),(3,1),(3,2),(4,1)}. Find a matrix
representation for relation S o R.

1 0 0 1 } 8 8

Solution: Mg = 0 01 01|,Mg= ,
1 0 0 1 0 11
01 0

Msor = Mr © Mg =
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Relation Composition (Relation Product)

Exercise

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} with
R={(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to

{0,1,2} defined as S = {(1,0),(2,0),(3,1),(3,2),(4,1)}. Find a matrix
representation for relation S o R.

1 0 0 1 } 8 8

Solution: Mg = 0 01 01|,Mg= ,
1 0 0 1 0 11
01 0
Looa] L0

MSOR:MRQMS: 0O 0 1 0 ® =
1 0 0 1 0 11
01 0
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Relation Composition (Relation Product)

Exercise

Exercise

Let R be a relation from {1,2,3} to {1,2,3,4} with
R={(1,1),(1,4),(2,3),(3,1),(3,4)}. Let S be a relation from {1,2,3,4} to

{0,1,2} defined as S = {(1,0),(2,0),(3,1),(3,2),(4,1)}. Find a matrix
representation for relation S o R.

1 0 0 1 } 8 8
Solution: Mg = 0 01 01|,Mg= ,
1 0 0 1 0 11
01 0
1 0 0 1 1 8 8 1 1 0
Msor =MrpoOMg= |0 0 1 0|0® =10 1 1
0 1 1
1 0 0 1 01 0 1 1 0
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